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1. Introduction

Let G be a group, with commutator subgroup G’ = [G, G, and second commutator
subgroup G” = [G’,G’]. The Chen groups of G are the lower central series quotients
gr.(G/G") of G/G". These groups were introduced by K.T. Chen in [4], so as to provide
accessible approximations of the lower central series quotients of a link group. For exam-
ple, if G = F,, is the free group of rank n (the fundamental group of the n-component
unlink), the Chen groups are free abelian, and their ranks, 0;(G) = rank gr;,(G/G"), are
given by

0i(F,) = (k—1) - (""*Z_Q), for k > 2. (1.1)

While apparently weaker invariants than the lower central series quotients of G itself,
the Chen groups sometimes yield more subtle information. For instance, if G = P, is
the Artin pure braid group, the ranks of the Chen groups distinguish G from a direct
product of free groups, while the ranks of the lower central series quotients fail to do
so, see [8]. In this paper, we study the Chen ranks 0;(G) for a class of groups which
includes all arrangement groups (fundamental groups of complements of complex hy-
perplane arrangements), and potentially fundamental groups of more general smooth
quasi-projective varieties. We relate these Chen ranks to the first resonance variety of
the cohomology ring of G. For arrangement groups, our results positively resolve Suciu’s
Chen ranks conjecture, stated in [37].

Let A = @izo AF be a finite-dimensional, graded, graded-commutative, connected
algebra over an algebraically closed field k of characteristic 0. For each a € A', we have
a? = 0, so right-multiplication by a defines a cochain complex

a a a a a

(A,a): 0 A° Al A2 Ak

(1.2)

In the context of arrangements, with A the cohomology ring of the complement, the
complex (A,a) was introduced by Aomoto [1], and subsequently used by Esnault—
Schechtman—Viehweg [15] and Schechtman—Terao—Varchenko [35] in the study of local
system cohomology. In this context, if a € Al is generic, the cohomology of (A, a) van-
ishes, except possibly in the top dimension, see Yuzvinsky [39].

In general, the resonance varieties of A, or of G in the case where A = H*(G;k), are
the cohomology jump loci of the complex (A, a),

RE(A) = {a € A' | dim H*(A, a) > d},

homogeneous algebraic subvarieties of A!. These varieties, introduced by Falk [16] in the
context of arrangements, are isomorphism-type invariants of the algebra A. They have
been the subject of considerable recent interest in a variety of areas, see, for instance,
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