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1. Introduction

Let K™ be the set of all convex bodies in R™ having non-empty interiors, i.e., K € K"
is a convex compact subset of the n-dimensional Euclidean space R™ with int (K) # 0.
As usual, we denote by (-,-) the inner product on R™ x R™ with associated Euclidean
norm || - ||, and S"~! C R™ denotes the (n — 1)-dimensional unit sphere, i.e., "1 =
{z eR": ||z|| = 1}.

For K € K™ we write Sk (-) and hg(-) to denote its surface area measure and support
function, respectively, and vk to denote the Gaufl map assigning the outer unit normal
vi(x) to an x € 0, K, where 9, K consists of all points in the boundary 0K of K having
a unique outer normal vector. If the origin o lies in K € K", the cone-volume measure
of K on S™! is given by

View = [ M) 45 ) = / i 3, (o), (L1)

“ vi' (W)
where w C S~ is a Borel set and, in general, Hy,(z) denotes the k-dimensional Hausdorff
measure. Instead of H,(-), we also write V(-) for the n-dimensional volume.
The name cone-volume measure stems from the fact that if K is a polytope with
facets Fy,..., F,, and corresponding outer unit normals w1, ..., U, then

m

Vie(w) =3 V([o, F])du, (). (1.2)

i=1

Here §,, is the Dirac delta measure on S™~! concentrated at u;, and for z1, ...,z € R"
and subsets S, ...,5; C R™ we denote the convex hull of the set {z1,...,%m,S1,...,S5}
by [1,...,Zm,S1,...,5]. With this notation [o, F;] is the cone with apex o and basis F;.

In recent years, cone-volume measures have appeared and were studied in various
contexts, see, e.g., F. Barthe, O. Guedon, S. Mendelson and A. Naor [6], K.J. Boroczky,
E. Lutwak, D. Yang and G. Zhang [10,11], M. Gromov and V.D. Milman [18], M. Lud-
wig [28], M. Ludwig and M. Reitzner [29], E. Lutwak, D. Yang and G. Zhang [32],
A. Naor [34], A. Naor and D. Romik [35], G. Paouris and E. Werner [36], A. Stancu [42],
G. Zhu [45,46], K.J. Boroczky and P. Hegediis [8].

In particular, cone-volume measures are the subject of the logarithmic Minkowski prob-
lem, which is the particular interesting limiting case p = 0 of the general L,-Minkowski
problem — one of the central problems in convex geometric analysis. It is the task:

Find necessary and sufficient conditions for a finite Borel measure u on S™~ 1 to be
the cone-volume measure Vg of K € K™ with o in its interior.

In the recent paper [11], K.J. Béréczky, E. Lutwak, D. Yang and G. Zhang solved the
logarithmic Minkowski problem in the even case, i.e., they characterized the cone-volume
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