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Solving a multi-input dynamic optimization of a batch processes is a complex problem involving inter-
actions between input variables and constraints over time. The problem gets more difficult due to the
presence of local solutions that have almost the same cost but widely varying structures. This paper
studies various local optimal solutions for a non-isothermal semi-batch reactor with the feed rate and
temperature as inputs and a heat removal constraint. Three solution patterns were studied, all consisting
in meeting the heat removal constraint for the first part and seeking the compromise between the main
and side reactions in the later part. A sensitivity analysis shows that the best solution pattern among
those studied does not change with variations in parameters or initial conditions.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The solutions to multi-input dynamic optimization problems
can be fairly intricate because of the interactions between the
inputs and the constraints over time. There are many examples
of this in the literature, most of which are problems with 2-7
inputs and 20-50 differential equations (Cervantes and Biegler,
1998; Schlegel and Marquardt, 2006). These problems are typically
solved numerically (Kadam et al., 2007; Skogestad, 2000; Wiirth
et al., 2011) and, as a result, there is no physical interpretation of
the solution in terms of the types and sequence of arcs.

In contrast, Srinivasan et al. (2003) used an analytical approach
to solve a simple two-input problem. The inputs are either con-
strained or sensitivity-seeking arcs. The solution presented in that
paper corresponds to a local optimum with only three arcs. It
illustrates well the analytical method and the interaction between
the two inputs and the constraints. However, in recent years, the
authors have been confronted with alternative numerical solutions
that are “supposed to be better” than the one proposed in that
paper. Some of the solutions are indeed better, while others give a
better cost because they slightly violate the path constraints due to
numerical inaccuracies.
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This note compares these alternative optimal solutions by com-
puting them analytically. The analytical approach has the advantage
of not violating the constraints. Furthermore, a sensitivity analysis
is presented to show whether the solution could easily change from
one form to another when parameters change.

2. Problem formulation

The two-input optimization problem considered in Srinivasan
etal.(2003) is briefly recalled. It consists of a non-isothermal semi-
batch reactor with the series reactions A+B— C— D and a heat-
removal constraint. The reactor temperature and the feed rate of B
are considered as manipulated variables. The system is described
by the following equations:

; u

ca = —kicacg — VCA (M
. u

¢g = —kicacs + v (CBin — CB) (2)
; u

€ = kicacp —kacc — ;¢c (3)
V=u (4)

where cy is the concentration of the species X, cp;, the concentra-
tion of B in the feed, k; the kinetic parameter for the it" reaction,
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uthe feed rate of B, and V the volume of the reactor. The kinetic Table 1

parameters follow Arrhenius law: Parameters, bounds and initial conditions.
E. Parameter Value Units
1
ki = kio exp <_ﬁ) k1o 4 L/(mol h)
kao 800 1/h
where k;q is the pre-exponential factor, E; the activation energy, R Eq 6e3 J/mol
the gas constant, and T the temperature. ﬁz ;0;3 %ﬂl K
The optimization problem maximizes the production of the AH, _30e3 J/mol
desired product C: AH, _10e3 J/mol
Umin 0 L/h
HgaTX] = cc(tr)V(tr) Unmax 1 L/h
, 1 Tinin 20 °C
s.t.Equation1 — 4 Trax 50 oC
Tin < T(t) < Tinax Vinax 1.1 L
(5) qrx,max 1.5e5 \
Ui < U(E) < Umax Cao 10 mol/L
Cpo 1.1685 mol/L
V(t) < Vinax cco 0 mol/L
Vo 1 L
(=AHq)kica(t)ep()V(E) + (= AH2)kacc(OV(E) < Grx,max Chin 20 mol/L
ty 0.5 h
Numerical values are given in Table 1.
The only possible options for the feed-rate input are i, Umax,
and upae(t), that is, the feed rate is either at its bounds or deter-
mined by the heat-removal constraint. The analytical expression Table 2
for upath(t) is provided in the original article: Types and sequence of arcs for the three considered solutions.
Solution Inputs to to tq t;toty t, to t3 t3toty ty to ty
AH”{%CACB (CA + CB) + AHy ko (I(%CACB — szc) -
u — Solution 1 u Upath Upath Umin -
path AH1kqca (Cgin — € ! :
1k1ca (cgin — CB) 3 arcs, Tmax T Tmax Tsens Tsens
TV AH] E] k] CACB + AHzEz kZCC Solution 2 u Upath Upath Umin Umin Umin
- ﬁ AH] k‘l Ca (CBin _ CB) 5 arcs, Tmax T Timax Tsens Tpa(h Timax Tsens
Solution 3 u M max Upath Umin Umin Umin
The possible options for the temperature input are Ty, Tmax, Sares, mae T Tomin Tpath Timax Tsens
Tpatn(t), and Tsens(t). This means that the temperature is either at its
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Fig. 1. Temperature, feed-rate, volume, and heat-removal profiles for the nominal case.
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