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A hybrid methodology to predict gas permeability in nanoscale organic
materials; a combination of fractal theory, kinetic theory of gases and
Boltzmann transport equation
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h i g h l i g h t s

� A theoretical model is used to predict gas permeability in nanoscale organic materials.
� Boltzmann transport equation is directly solved to predict mass transfer of the adsorbed layer.
� The absolute permeability of porous media is determined by the fractal theory.
� The Knudsen mass transfer is predicted by fundamentals of kinetic theory of gases.
� The gas permeability is well predicted by current approach.
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a b s t r a c t

A theoretical methodology is developed to study the permeability of gas in organic tight porous media. In
derivation of our equations, three main mechanisms of gas transport in organic porous media are taken
into account. The modified fractal theory is used to explain viscous transport. Using the kinetic theory of
gases, a similar formula derived in our previous study (Behrang et al., 2016) is applied to study the slip-
page phenomenon and the Knudsen transport. The surface transport which shows the impact of the gas
adsorption on the permeability is addressed by direct solution of the Boltzmann transport equation for a
thin layer of adsorbed gas. The final equation is used to explore influences of the adsorbed layer thickness,
grain surface specularity and pressure on the gas permeability. The presented approach is validated
against available experimental data. An excellent agreement between our proposed theoretical model
and experimental results are observed.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

A typical shale gas reservoir consists of organic porous material
(known as kerogen) and inorganic matrix. It is found that most
pores in a kerogen are in nanoscale [2,3]. Thus, gas flow cannot
be described by conventional macroscopic models. Some special
transport mechanisms are involved in nanoscale gas flow. In addi-
tion to gas slippage phenomenon, adsorption of high density gas on
the pore walls of the kerogen influences significantly on gas trans-
port. Note that effects of slippage and adsorbed gas on gas trans-
port is neglected in macro-pores where the conventional
transport mechanisms such as viscous transport are dominated.
It is worthwhile to note that the adsorption mechanism is not con-
sidered in inorganic materials. For a typical nanoscale organic

material, three gas transport mechanisms are taken into the
account. (i) viscous flow, (ii) Knudsen flow (slippage term) and
(iii) surface diffusion (adsorbed gas term). Although both surface
diffusion and Knudsen flow exist in kerogen pores, their funda-
mental transport mechanisms are different. The Knudsen flow
depends on the pore size. Under the influence of an external flux,
some of the adsorbed molecules can overcome the local interac-
tions with the grain surface and develop a hopping mechanism.
This type of transport mechanism, known as surface diffusion, is
only important in very small pores [3]. In the presence of these
three gas transport mechanisms the total gas flux mtotal (kg/s/m2)
is given by:

mtotal ¼ /
s
ðnmv is þ ð1� nÞmsurf þmKnÞ ð1Þ

where mvis; mKn; msurf are viscous, Knudsen and surface diffusion
mass flow rates, respectively. Where n ¼ 1

1þKn [4,5]. By Kn ¼ K
aeff ;h
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the Knudsen number is denoted. K is the gas mean free path and
aeff ;h is the effective pore radius. / is the porosity and s stands for
the tortuosity. Before calculating gas flow rate terms, it is pointed
out that it is a well-accepted approach to assume porous media as
composed of a bundle of tortuous capillary tubes with uniform
mean size/radius. Thus, a cylindrical tube can be considered as a
good representative of porous media [6–9].

2. Determination of the viscous mass flow rate

To determine the viscous (conventional) term, the Darcy’s law is
applied:

mvis ¼ �qg
k0
l
rP ð2Þ

By qg and k0, the gas density and the absolute permeability are
denoted, respectively. l stands for the gas viscosity and rP is the
pressure gradient. Different research methods including experi-
mental measurements [10,11], theoretical studies and numerical
simulations [12,13] can be applied to determine the absolute per-
meability k0 of a given porous medium. Among different theoretical
techniques, the Kozeny-Carman correlation [14–18] and the fractal
theory [1,19–21] have been commonly used for predicting the per-
meability of complex media. Now we proceed to specify the abso-
lute permeability of porous media using the fractal theory. The
interspaces in real tight porous media have fractal characteristics
in a certain range of scales from micrometer to nanometer
[6,22,23]. A porous medium such as a shale gas consists of a combi-
nation of numerous irregular and disordered pores of different sizes
and complex tortuosity. For a tortuous capillary of diameter k and
tortuous length of LtðkÞ along the transport direction, a fractal scal-
ing relation between the diameter and length of tortuous capillaries
can be described as

LtðkÞ ¼ k1�Dt LDt
0 ð3Þ

where L0 is the straight length of the medium [19,24]. Due to the
tortuous nature of capillary tubes, Lt P L0. By 1 < Dt < 2 the tortu-
osity fractal dimension is denoted. Obviously for a straight capillary
Dt ! 1; Lt ¼ L0. The higher is Dt , the more tortuous is the capillary.
Eq. (4) can be used to describe the relation between porosity and
fractal dimension.

/ ¼ kmin

kmax

� �dE�Df

ð4Þ

where dE is the Euclidean dimension (i.e. dE ¼ 2 and 3 in the two-
and three-dimensional spaces, respectively). Df stands for the pore
area fractal dimension. kmin and kmax are the pore size and the max-
imum pore size of the porous media, respectively [20,25].

Size distribution of pores is another important porous medium
characteristic that should be determined. It has been shown that
the cumulative size distribution of the pores can be mathemati-
cally expressed by the fractal power law [26],

NðL P kÞ ¼ kmax

k

� �Df

ð5Þ

The number of pores of sizes between k to kþ dk is given by differ-
entiating Eq. (5).

�dN ¼ Df k
Df
maxk

�ðDfþ1Þdk ð6Þ

Minus in Eq. (6) represents that pore population decreases with
increasing pore size. The total number of pores (from the smallest
size kmin to the largest size kmax) can be given by Eq. (5) as

NtðL P kminÞ ¼ kmax

kmin

� �Df

ð7Þ

The probability density function f ðkÞ ¼ Df kmink
�ðDfþ1Þ P 0 is given by

dividing Eq. (6) by Eq. (7)

�dN
Nt

¼ Df kmink
�ðDfþ1Þdk ð8Þ

According to the probability theory, the probability density function
should satisfy the following expressionZ 1

0
f ðkÞdk ¼

Z kmax

kmin

f ðkÞdk ¼ 1� kmin

kmax

� �Df

¼ 1 ð9Þ

Eq. (9) is valid if and only if kmin
kmax

� �Df ¼ 0. Although this statement is

not exactly met for a typical porous medium (i.e., kmin
kmax

¼ 10�2), it is
reasonable to use the fractal theory to approximate properties of
porous media [19,26,27]. The flow rate through a tortuous capillary
tube can be presented by modifying the Hagen-Poiseulle equation

q ¼ p
128

k4

l
Dp
LtðkÞ ð10Þ

After integrating Eq. (10) over the entire range of pore sizes and
doing some manipulations (for more details see Ref. [19]), the total
flow rate is given by

Q ¼ �
Z kmax

kmin

qdN ¼ p
128

Dp
l

L1�Dt
0

A
A
L0

Df

3þ Dt � Df
k3þDt
max ð11Þ

Comparing Eq. (11) with Darcy’s law, the permeability of the porous
medium is presented by

k0 ¼ lL0Q
DpA

¼ p
128

L1�Dt
0

A
Df

3þ Dt � Df
k3þDt
max ð12Þ

Note that A stands for the cross-section area. A and L0 should be
determined based on the microstructure of a specific porous med-
ium. The pore space in a cross section can be considered as circles
with different diameters k. The total pore area in the cross section
Ap is given by

Ap ¼
Z kmax

kmin

p
4
k2ð�dNÞ ¼ pDf k

2
max

4ð2� Df Þ ð1� /Þ ð13Þ

and consequently the cross-sectional area A is given by

A ¼ Ap

/
¼ 1� /

/
pDf k

2
max

4ð2� Df Þ ð14Þ

Considering L0 ¼
ffiffiffi
A

p
, the expression for the absolute permeability is

written as

k0 ¼ Nk2max
/

1� /

� �ð1þDtÞ=2
ð15Þ

where

N ¼ ðpDf Þð1�DtÞ=2ð4ð2� Df ÞÞð1þDtÞ=2

128ð3þ Dt � Df Þ ð16Þ

To determine the relationship between the maximum pore diame-
ter kmax and grain radius, a porous medium unit should be defined. A
schematic of the porous medium unit is presented in Fig. 1. For the
presented unit cell, the total area of the unit cell and the maximum
pore area are given by

A ¼ pa2p
2

1
1� /

� �
ð17Þ

and
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