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The boundary-value heat conduction problem for two semi-infinite bodies compressed by constant pressure and
sliding with a constant deceleration has been formulated. Due to friction at the contact surface the heat is gener-
ated. It is assumed that the materials of the bodies are thermal sensitive, i.e. their thermophysical properties are
temperature dependent. This problemallowsdetermining temperaturefields in such elements of brakes, as a pad
and a disk. At the first stage, the Kirchhoff transformation has been used for partial linearization of the nonlinear
problem. Next, the Kirchhoff functions have been found by the method of lines. The transition has been made
from the Kirchhoff functions to temperatures on the basis of formulas obtained for the friction couple aluminum
alloy series (a disk)— themetal-ceramic (a pad). For the case of brakingwith a constant deceleration and at con-
stant pressure the comparison of the results obtainedwith the proposed approach, and on the basis of an iterative
procedure has been executed. The influence of duration of pressure increase on the temperature has been
investigated.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

To improve accuracy of calculations of the brake systems strength to
reduce the margin of safety, it is necessary to determine the tempera-
ture fields more accurately, which, in most cases, is impossible without
the study of non-linearmodels [1]. Themodels involve, in particular, the
boundary-value problems of heat conduction, which should take into
account the dependences on the temperature of the coefficients of fric-
tion, the thermal conductivity, the specific heat and the heat transfer.
The nonlinearity is necessary to consider because the range of temper-
atures, in which braking occurs, is expanded, and because there is the
rise in temperatures of the working surfaces of a pad and a disk, caused
by the increase of speeds of sliding and specific capacity of friction. In
such circumstances the solution of linear heat problemof friction during
braking can not only give a significant quantitative error, but it may also
lead to wrong conclusions. Methods of solving the linear heat problems
of friction are much better developed than nonlinear [2–4]. One of the
most common techniques used to solve the nonlinear problems is to re-
duce the nonlinear problem to a linear (linearization) by means of the
Kirchhoff substitution [5]. As a result, the initially nonlinear boundary
heat conductivity problem is completely linearized or reduced to

nonlinear problems of such type, for which the methods of solving are
known.

In the case of heat problems of friction at braking with imperfect
thermal contact of the pad and the disk, equations of heat conductivity
of parabolic type linearize completely (for materials with a simple
nonlinearity) or partially (for materials with arbitrary nonlinearity),
as a result of the Kirchhoff substitution. In addition, the boundary
conditions of imperfect heat contact, which take into account the
thermal resistance of the contact, become nonlinear. The review of
some methods of nonlinear heat problems of friction solution is
presented in article [6], which focuses on the method of successive ap-
proximations and the method of lines. In the method of successive ap-
proximations (iterations) the solution of the corresponding linear
problem has been adopted as the initial approximation, and then, by
the use of specially chosen operator on each step, the solution obtained
in the previous step is clarified. Some variants of iteration methods re-
lating to the solution of the one-dimensional heat problem of friction
in the case of materials with the simple nonlinearity have been tested
in articles [7–9], and for materials with any nonlinearity — in article
[10]. It should be noted that in these articles the frictional heating
during braking with a constant deceleration were studied.

However, the most effective ways to solve the nonlinear problems
are based on various numerical methods and, particularly, on the
finite-difference schemes — explicit, implicit, explicit–implicit, et al.
[11,12]. Very often, before obtaining the solution to the nonlinear
boundary-value problem, it is transformed by substitutions and then
by using one of the difference schemes. Such an algorithm of solving a
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nonlinear one-dimensional heat problem of friction at braking with
time-dependent pressure and sliding speed is used in this article.

The values of temperature obtained on the basis of the method of
lines have been compared with the results found by the method of
successive approximations from article [10].

2. Statement of the problem

Let two semi-spaces be compressed at infinitywith a time-dependent
pressure [13,14]:

p tð Þ ¼ p0p
� tð Þ; p� tð Þ ¼ 1−e

t
tm ;0≤t≤ts; ð1Þ

in a direction parallel to the z-axis of a Cartesian coordinate system Oxyz
(Fig. 1). In the initial time moment t=0 the semi-spaces begin the rela-
tive sliding in the positive direction of y-axis with a speed [15]:

V tð Þ ¼ V0V
� tð Þ; V� tð Þ ¼ 1− t

tm
− tm

t0s
p� tð Þ; 0≤t≤ ts; ð2Þ

where the braking time ts we find from the stop condition V(ts) = 0. In
the limiting case tm → ∞ from Eqs. (1) and (2), it follows that:

p� tð Þ ¼ 1; V� tð Þ ¼ 1− t
t0s

; 0≤t≤ t0s ; ð3Þ

where ts
0 is the duration of braking at constant pressure and sliding with

constant deceleration.

On the contact surface z=0, due to the friction, theheat is generated
and the bodies are heated. It is assumed that:

1) the sum of the intensities of heat fluxes directed along the normal to
the surface of contact inside the semi-spaces is equal to the specific
power of friction q(t) = q0q

∗(t), where [16]

q0 ¼ f V0p0; q
� tð Þ ¼ p� tð ÞV� tð Þ; 0≤ t≤ts; ð4Þ

2) the thermal contact of the bodies is imperfect— through the contact
surface the heat transfer takes place with a constant coefficient of
thermal conductivity of contact h [17,18];

3) the coefficients of heat conduction Kl and specific heat cl ofmaterials
are temperature dependent:

Kl Tð Þ ¼ Kl;0K
�
l Tð Þ; cl Tð Þ ¼ cl;0 c

�
l Tð Þ; ð5Þ

where

Kl;0≡Kl T0ð Þ; cl;0≡cl T0ð Þ; ð6Þ

Kl
∗(T), cl∗(T), and l= 1, 2 are the dimensionless functions of temper-

ature T and T0 is the initial temperature of the semi-spaces;
4) the densities of materials ρl, l = 1, 2 are constant.

Here and further all values referring to the upper and lower semi-
spaces will have subscripts 1 and 2, respectively.

Taking into account the assumptions mentioned above, we find the
distribution of transient temperature field T(z, t), l = 1, 2 in semi-
spaces from solution of the following nonlinear boundary-value heat
conduction problem:

∂
∂ζ K�

1 T�� � ∂T�

∂ζ

� �
¼ c�1 T�ð Þ

k�0

∂T�

∂τ ; ζ N0; 0bτ≤τs; ð7Þ

∂
∂ζ K�

2 T�� � ∂T�

∂ζ

� �
¼ c�2 T�� � ∂T�

∂τ ; ζb0; 0bτ≤τs; ð8Þ
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∂ζ

����
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K�
2 T�� � ∂T�

∂ζ

����
ζ¼0

þ K�
0K

�
1 T�� � ∂T�

∂ζ

����
ζ¼0
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h i
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∂T� ζ ; τð Þ
∂ζ

����
ζj j→∞

→0;0b τ≤τs; l ¼ 1; 2; ð11Þ

T� ζ ;0ð Þ ¼ T�
0;

��ζ jb∞; l ¼ 1; 2; ð12Þ

Nomenclature

a characteristic dimension
Bi Biot number
c specific heat
c0 specific heat at an initial temperature
f friction coefficient
h coefficient of thermal conductivity of contact
K coefficient of thermal conductivity
K0 coefficient of thermal conductivity at an initial temperature
k coefficient of thermal diffusivity
p pressure
q specific power of friction
T temperature
T0 initial temperature
T ∗ dimensionless temperature
t time
tm duration of the pressure increase of the loading from

zero to nominal value
ts
0 duration of braking at constant pressure
ts braking time
V sliding speed
V0 initial sliding speed
z spatial coordinate
Θ Kirchhoff's function
ρ specific density
τ dimensionless time in the case of constant pressure
τm dimensionless time the increase in pressure
τs0 dimensionless time of braking at constant pressure
τs dimensionless braking time
ζ dimensionless spatial coordinate

Subscripts
1 the upper semi-space,
2 the bottom semi-space.

Fig. 1. Scheme of the problem.
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