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a b s t r a c t

The extended Graetz problem for a gaseous slip flow through a micropipe and a parallel-plate microchan-
nel, with an isothermal heating section of finite length, is analytically investigated. The simultaneous
effects of the axial heat conduction, viscous dissipation and pressure work are all taken into account
and discussed. The solution obtained is based on a powerful method using self-adjoint formalism, result-
ing from a decomposition of energy equation into a system of the first-order partial differential equations.
This solution, which is applicable for finite and semi-infinite heating section, represents an improvement
and extension of those obtained in the earlier works, by considering the slip boundary conditions at the
fluid–wall interface for the velocity and temperature. This extension has been done by using a new
matrix operator of three dimensions and a suitable scalar product between two vectors in the Hilbert
space. The analytical results are compared for simplified limiting cases with available analytical and
numerical calculations and a good agreement is found. The results of the effects of different dimension-
less parameters involved in the problem, namely Péclet, Knudsen, Brinkman numbers and the length of
the heating section, on the heat transfer characteristics are illustrated and discussed. Furthermore, some
useful correlations of these characteristics are provided for some values of Péclet number. It is shown par-
ticularly that for non-zero values of Brinkman number, when the heat flow is established, the sum of the
enthalpy and the energy which results from the friction and pressure work is conserved through cross-
sections of microchannels, and the heat transfer is mainly governed by the shear work at the wall. Among
the most important applications of this analytical solution is its potential to simulate an isothermal hot
film sensor of finite size, mounted on the wall of microchannel, which can be serve to measure a heat flux
between the gas and wall and hence heat transfer coefficient in the slip flow regime.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The forced convective heat transfer at the microscale is among
of the major themes in Micro-Electro-Mechanical Systems (MEMS)
and plays central role in thermal transport phenomena in microflu-
idic [1]. Microfluidic is referred to devices that have characteristic
length scales of the order between 1 lm and 1 mm such as micro-
pipe, parallel-plate microchannel and micro-exchangers.

This study is devoted to the non trivial fundamental problem in
convection–diffusion: the Graetz problem extended to microscale
in the slip flow regime. Specific consideration is given here to gas
flow through a micropipe and a parallel-plate microchannel, with
a heating section of finite length, at relatively low Mach number.

The analysis of this problem is important, since it is often impli-
cated in industrial processes. Thus, it may find applications in
many fields, such as in cooling microelectronic components, con-
ception of the micro-exchangers, chemical engineering, biomedical
use and microbiological systems. Moreover, it can be involved in
the separation technology of some substances in mass transfer,
by analogy with heat transfer.

The basic parameter characterizing the slip flow in microchan-
nels is the Knudsen number Kn ¼ k=Dh, which is the ratio of the
molecular mean free path k to the hydraulic diameter Dh. When
Kn is considered as the basic parameter, the interval of slip flow
regime may be estimated as [1]: ð10�3

6 Kn 6 0:1Þ and the gas
becomes slightly rarefied. In this case, it can be shown that the
flow and the heat transfer phenomena can be safely modeled using
continuum conservation equations together with appropriate slip
boundary conditions. These boundary conditions are essentially
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characterized by discontinuities of the velocity and the tempera-
ture fields at the fluid–wall interface due to rarefaction. However,
in microscale gas flows with heat transfer for a relatively low
velocity (subsonic flow) we encounter many important effects that
are not generally considered in macroscale channels. These effects
are: rarefaction, axial heat conduction, compressibility, viscous
dissipation and pressure work, and may be characterized and
scaled respectively by the Knudsen number, Péclet number, Mach
number and Brinkman number for the two last effects. However,
the inclusion of pressure work in the analysis, associated with
the viscous dissipation, leads to the appearance of the effect of
shear work at the wall which is another important factor in the slip
flow. The fundamental useful data concerning the heat transfer
rates in microchannels may be obtained from the determination
of the Nusselt number. Therefore, the need for accurate evaluation
of this number is essential in the manufacture and design of micro-
channels. This generally requires a complete solution of the
problem.

Although the effect of axial heat conduction may be often
neglected in macroscale channels, for gas and liquids (with the
exception of liquid metals); this is not justifiable in slip flow regime.
This is because, for small scale geometries, the Péclet number will be
small and the axial conduction plays a larger role. The effects of axial
conduction for a fully-developed continuum flow, known as the
extended Graetz problem, have been extensively investigated in
the past (see for example [2–11]). This fundamental problem stills
continue today to attract attention as an active area of research
[12]. Recall that this problem reveals some difficulties such that
the associated eigenvalue problem for the elliptic energy equation
is non-selfadjoint. Therefore, it gives an incomplete set of eigen-
values that could, at least in principle, be complex. However, in ser-
ies of innovative papers [4–6], Papoutsakis and Ramkrishna solved
successfully this problem by decomposing the energy equation into
a pair first order partial differential equations by using self-adjoint
formalism. They showed that the analytical solution obtained is
computationally simple and efficient as the solution for the para-
bolic problem. Others analytical studies related to the contribution
of axial conduction in forced convection can be also found in Refs.
[13,14]. Moreover, the combined effects of pressure work and vis-
cous dissipation on Graetz problem for gas flows, in parallel-plate
channels without axial conduction, have been investigated for the
first time by Ou and Cheng [15]. It was found that, in continuum
flow, these effects contribute significantly to the heat transfer.

The extended Graetz problem for slip flow with viscous dissipa-
tion has also widely been investigated in the literature (see for
example [16–22]). These studies revealed that viscous dissipation

plays also an important role at microscale due to the high velocity
gradient. On the other hand, pressure work effect has been often
neglected in the majority of previous studies considering the effect
of viscous dissipation within the flow. However, for gas flows, con-
trary to liquids, it is shown that this factor is of the same order of
magnitude as viscous dissipation and must therefore be taken also
into consideration [15,23–25]. The role played by the shear work at
the microscale was discussed by Lockerby and Reese [26] and con-
sidered also by Hadjiconstantinou [23] in the case of constant wall
heat flux boundary conditions. A good literature review of experi-
mental, numerical and analytical studies, concerning convective
heat transfer in microchannels, with various geometries and differ-
ent heat boundary conditions, can be found in the recent work of
Colin [27]. Another important aspect encountered in gas micro-
flows is the effect of compressibility. This effect has been also
numerically examined [28]. This study shows that the compress-
ible flow for large Mach number never reaches a fully developed
state due to the effect of the acceleration of the gas. However, if
the value of the Mach number along the channel is less than 0.2
and for relatively low Reynolds flows with small hydraulic diame-
ter to length ratio, and when the pressure drop is less than 10% of
the outlet pressure, the inertial effects can be then neglected
[1,29,30]. Therefore, a fully developed state is possible provided
that the above conditions are satisfied. However, as pointed out
by Duan [30], for practical engineering applications, the fluid can
be considered as incompressible for small pressure ratios, which
is approximately consistent with experimental results of Jang
and Wereley [31].

Despite numerous studies on the extended Graetz problem at
microscale, to our knowledge, no investigation is known to have
studied the heat transfer in microchannels having a heating section
of finite size with the combined effect of viscous dissipation and
pressure work under constant wall temperatures. The previous
studies have often considered microchannel, having a very long
heating section which is semi-infinite in length. However, for prac-
tical applications, this is not the most relevant configuration, since
only a finite length of the heating section is allowed. This length
becomes however another important factor in the analysis which
may have also significant effect on the heat transfer characteristics.

The aim of the present contribution is to provide a purely ana-
lytical solution to the extended Graetz problem for a gas flow
inside a micropipe as well as inside a parallel-plate microchannel
in the slip flow regime with finite and semi-infinite heating sec-
tions and prescribed wall temperatures. The mathematical impli-
cation is that the microchannels are considered as infinite in
extent and have two discontinuities in temperature at the

Nomenclature

Cp specific heat at constant pressure J kg�1 K�1

Fv tangential momentum coefficient
Ft thermal accommodation coefficient
k thermal conductivity, W m�1 K�1

Kn Knudsen number, Kn ¼ k=Dh

Nu local Nusselt number, Eq. (59)
Nu average Nusselt number, Eq. (74), Nu ¼ �hDh=k
P pressure, Pa
PeDh Péclet number based on the hydraulic diameter,

PeDh = 22�pPeH

Pr Prandtl number, Pr = m/a
qw dimensionless heat flux, Eq. (59)
T temperature, K
Tb bulk temperature, Eq. (58), K
Tw wall temperature, K

Um mean velocity, m s�1

us slip velocity
x1 length of the heated zone, m

Greek symbols
a thermal diffusivity, a = k/qCp, m2 s�1

bv parameter, bv = (2 � Fv)/Fv

bt parameter, bt ¼ 2�Ft
Ft

2c
cþ1

1
Pr

c ratio of specific heats, c = Cp/Cv

k mean free path, m
l dynamic viscosity, Pa s
H dimensionless temperature, Eq. (12)
Hb dimensionless bulk temperature, (Tb � T0)/(T1 � T0)
q fluid density, kg m�3
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