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a b s t r a c t

Due to the intensive coupling effect and non-linear characteristic, coupled conductive–radiative heat
transfer problem in semitransparent media always consumes an enormous amount of computing time.
In present work, an accelerative iteration model is developed to speed up the convergence process of this
kind of coupled calculation. It promotes the iterative efficiency by revising the temperature and incident
radiation of media during the iteration of energy equation and radiative transfer equation. It can remark-
ably reduce the computing time of coupled conductive–radiative heat transfer calculation in semitrans-
parent media, even in the cases with complicate boundary conditions. The accuracy of present model is
verified by comparing with literature and traditional source iteration method. The influences of conduc-
tion–radiation parameter, optical thickness, scattering albedo, emissivity of walls and boundary condi-
tions are investigated as well. The results indicate that the accuracy of present model is reliable and
its accelerative effect is more significant for the optically thick and scattering-dominated media with
complicate boundary conditions.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In many engineering applications such as insulating material
[1], plastic manufacture [2], fabrication of optical fiber [3], evapo-
ration of liquid droplet [4], and so on, conductive–radiative heat
transfer problems in semitransparent media have received more
and more attention. In the last three decades, many numerical
methods have been developed to solve this kind of problems. Most
of previous studies were focused on the improvement of numerical
accuracy or development of new methods. The studies on compu-
tational efficiency are still relative few in the community of heat
transfer. Moreover, when the optimization of heat transfer is con-
sidered, lots of forward iteration computation is required. How-
ever, due to the poor computational efficiency, the optimization
involved the coupled conductive–radiative problem always takes
too much time. In addition, for some practical process such as
evaporation of semitransparent liquid droplets [4–8], when the
alternative physical state, complicate boundary conditions and
temperature dependent radiative properties of semitransparent
media are considered, accurate and efficient numerical method
becomes a real challenge because of the intensive coupling effect
and non-linear characteristic in solving such problem. Therefore,

to study computational efficiency of coupled conductive–radiative
problem is very necessary.

In early studies, Siewert [9] developed a Newton iteration
model to improve the convergency of coupled conductive–radia-
tive heat transfer problem. In his study, the spherical-harmonics
method is used to calculate radiative transfer in semitransparent
media. In addition, a fast multilevel algorithm is also developed
to solve conductive–radiative heat transfer problem by Banoczi
and Kelley [10]. Moreover, Mazumder [11] proposed a simulta-
neous solving model of temperature and incident radiation to
accelerate the iteration of energy equation and radiative transfer
equation, but the accuracy of this model is limited because P1

model was employed to calculate the radiation. Miliauskas et al.
[4,12] developed an integral equation method to analyze the effect
of combined radiation and conduction on the evaporation of liquid
droplet. Their studies show that radiation has an important influ-
ence to evaporation of liquid droplet, and a complex boundary con-
dition must be considered in the analysis. Recently, several
numerical methods based on discrete ordinary method (DOM)
such as finite volume method (FVM) [13], finite element method
(FEM) [14], meshless method [15] and so on, are developed to treat
the coupled conductive–radiative heat transfer, and are becoming
more and more popular due to their comprehensive adaptation
and acceptable accuracy. Generally, these methods employ an ordi-
nal iteration model in which the radiative transfer equation (RTE)

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.035
0017-9310/� 2014 Elsevier Ltd. All rights reserved.

⇑ Corresponding author. Tel.: +86 21 65983867.
E-mail address: anweihit@gmail.com (W. An).

International Journal of Heat and Mass Transfer 82 (2015) 503–509

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2014.11.035&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.035
mailto:anweihit@gmail.com
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.035
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


and energy equation (EE) is solved successively. However, when a
scattering-dominated media or optically thick media is considered,
such iteration is very inefficient and converges slowly [16]. More-
over, when a complicate boundary condition is considered, this
deficiency is very obvious. Therefore, these numerical models
based on DOM should be revised further to improve their iterative
efficiency.

In present work, the solving procedure of coupled conductive–
radiative problem is analyzed firstly. Based on such analysis, an
accelerative iteration model is developed to improve the conver-
gence. FEM is employed to realize the present accelerative iteration
model and the detailed mathematical formula and algorithm are
discussed. The accuracy of present model is verified by comparing
the results with those from the literature and FEM without any
acceleration technique. The effects of the conduction–radiation
parameter, scattering albedo, emissivity of walls, optical thickness
and boundary conditions on the performance of present accelera-
tion model are investigated as well.

2. Mathematical formulation

The energy equation of stable conductive–radiative heat trans-
fer in the Cartesian coordinate system can be written as [17]:

kr2T �
Z 1

0
jaðvÞ½4pIbðvÞ � GðvÞ�dv ¼ 0 ð1Þ

For a grey media, the nonlinear T4 item derived from the
integral item of wavelength, will present in above equation. In
numerical models, the nonlinear item must be reduced to a linear
function of temperature. Generally, it can be approximated by the
Taylor formation. Then, eq. (1) can be written as:

�kr2Tn þ ð16rT3
n�1jaÞ � Tn ¼ jaGn�1 þ 12rT4

n�1ja ð2Þ

where, the subscript n is the number of iteration times, the incident
radiation G is defined as following equation:

G ¼
Z

X¼4p
IdX ð3Þ

The boundary conditions C of Eq. (2) can be written as:

T ¼ Tw when C 2 C1 ð4-aÞ

�kr � T þ qr � n ¼ qw when C 2 C2 ð4-bÞ

�kr � T þ qr � n ¼ hwðT � Tf Þ when C 2 C3 ð4-cÞ

where the radiative heat flux on the boundary qr � n can be written
as:

qr � n ¼
Z

n�X<0
I n �Xj jdX ð5Þ

n is the inner normal vector on the boundary, n �Xj j represents the
inner product of the X direction and n. The ja is the absorption
coefficient of media. C1, C2 and C3 represents the fixed-tempera-
ture boundary condition, fixed-heat-flux boundary condition and
the convective boundary condition, respectively. hw is the convec-
tive heat transfer coefficient. Tf is the temperature of outer fluid.
It can be found from Eqs. (2–5) that the energy equation and its
boundary condition contain the unknown variable I(r, X) which is
the function of location and direction. When considering the gray
and diffuse reflection boundary, the radiative intensity I(r, X) of
semitransparent media can be obtained by solving the following
radiative transfer equation (RTE) [18].

ðX � rÞIðr;XÞ ¼ �ðja þ rsÞIðr;XÞ þ
ja

p
rT4 þ rs

4p

�
Z

X0¼4p
Iðr;X0ÞUðX0;XÞdX0 ð6Þ

The boundary condition of RTE can be written as follows:

Iðrw;XÞ ¼
ew

p
rT4 þ 1� ew

p

Z
n�X0<0

Iðrw;X
0Þ n �X0j jdX0

ðn �X > 0Þ ð7Þ

where ew is the wall emissivity. It can be found that the right side of
Eq. (6) contains the temperature resolved emissive item ja

p rT4, and
its boundary condition also has an emissive item ew

p rT4. Therefore,
energy equation and RTE are coupled with each other, and must
be solved by an iteration model.

Nomenclature

Dk diffusion coefficient of Eq. (14)
G incident radiation, G =

R
X = 4p IdX, W �m�2

I radiative intensity, W/(m2 � sr)
Jw radiosity on the boundary, W �m�2

M number of discrete directions
N conduction–radiation parameter, N ¼ kb=4rT3

ref
T temperature, K
W weighting function of finite element
h convective heat transfer coefficient, W �m�2 � K�1

k thermal conductivity, W �m�1 � K�1

n unit normal vector of boundary surface
qr radiative heat flux, W �m�2

r location
s relaxation factor
v wavelength, m
wm solid angular weight
U scattering phase function
C boundary condition
a rectification value of temperature
e emissivity

ce, cs rectification value of incident radiation for emissive and
scattering item

ja absorption coefficient, m�1

r Stefan–Boltzmann constant, 5.67 � 10�8 W �m�2 � K�4

rs scattering coefficient, m�1

x scattering albedo
nI, nT convergence criterion of radiative transfer equation and

energy equation
s optical thickness

Subscript
b blackbody
m indices for ordinate directions
ref reference value
w wall
⁄ accuracy value

Superscript
n iteration times
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