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a b s t r a c t

The rate of production of fine material in the batch mode of grinding operation forms the basis for deter-
mination of the grindability parameter of the Bond approach and the breakage distribution function of
the population balance model (PBM) approach to the mill scale-up design. For a given set of mill operat-
ing conditions, the rate of production of fines is determined by the breakage characteristics and produc-
tion history of the material being ground. Another important aspect is the variation in the rate of
production of fines with grinding time. With a view to developing a clear understanding of these aspects,
a detailed analysis of variations in the rate of production of fines was carried out using the PBM frame-
work and two well-known functional forms for the specific breakage rate and breakage distribution
parameters. In this paper, it has been shown how the results of this analysis can be used for: (i) obtaining
more accurate estimates of the breakage distribution parameters by performing just one short-duration
batch grinding experiment, and (ii) explaining variation in the Bond Work index with the product size in
terms of the exponent of particle size in the expression for the specific breakage rate function: kj ¼ A�xaj .
� 2018 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.

1. Introduction

Production of a ground product of desired fineness with mini-
mum energy consumption is the most challenging job of a com-
minution engineer. As the energy consumption per unit weight
of the product is determined by the rate of production of material
of desired fineness and power drawn by the mill [1], a good under-
standing of the factors that affect these two performance parame-
ters is important. In this paper, we analyze and discuss the rate of
production of fines in the ball milling operation.

There are two main approaches to the scale-up design of ball
mills: the Bond approach [2–4] and the population balance model
(PBM) approach [1,5–10]. In both the cases, the rate of production
of fine material of the desired size is determined by carrying out
some batch grinding experiments, which are specific to the
approach used. The feed charge for these experiments is generally
prepared by crushing the material in a jaw and/or roll crusher [1–
13]. The strength and shape distributions of particles, which deter-
mine the breakage characteristics of particles, undergo a significant
change when the crushed material is subjected to further size
reduction in the ball mill environment [1,9–11]. The effect of these

changes on the specific breakage rate of particles as well as the
specific rate of production of fines has been found to be quite sig-
nificant [1,11]. Thus, this aspect has relevance to the experiments
conducted for determination of the specific breakage rate and
breakage distribution parameters of the population balance model
as well as the grindability parameter of the Bond model. Determi-
nation of the specific breakage rate parameters has already been
discussed in detail [11]. For determination of the breakage distri-
bution parameters, the methods proposed by Herbst and Fuerste-
nau [12] and Austin and Luckie [13] involve grinding the crushed
material for a short time. In light of the statements made above,
it can be seen that the breakage distribution function thus obtained
is valid only for the particles produced by the crusher and not for
those produced in the ball mill. In the Bond test also, after the first
batch grinding experiment, the feed charge consists of the crushed
material as well as the ground product of the previous experiment
that is coarser than the classifying (closing) screen. Both the fac-
tors, the differences in the breakage characteristics of the same size
particles belonging to the two components of the feed and varia-
tion in the proportion of the two components, contribute to varia-
tion in the value of grindability in the successive experiments.

Another important aspect is variation in the rate of production
of fines with grinding time. It is well known that in a ball mill when
a single size feed is ground in the batch mode of operation, fine

https://doi.org/10.1016/j.apt.2018.05.010
0921-8831/� 2018 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder Technology Japan. All rights reserved.

⇑ Address: B-402 Bansal Plaza, Station Road, Ranchi 834 001, India.
E-mail address: gupta.vinaig@gmail.com

Advanced Powder Technology xxx (2018) xxx–xxx

Contents lists available at ScienceDirect

Advanced Powder Technology

journal homepage: www.elsevier .com/locate /apt

Please cite this article in press as: V.K. Gupta, Understanding production of fines in batch ball milling for mill scale-up design using the population balance
model, Advanced Powder Technology (2018), https://doi.org/10.1016/j.apt.2018.05.010

https://doi.org/10.1016/j.apt.2018.05.010
mailto:gupta.vinaig@gmail.com
https://doi.org/10.1016/j.apt.2018.05.010
http://www.sciencedirect.com/science/journal/09218831
http://www.elsevier.com/locate/apt
https://doi.org/10.1016/j.apt.2018.05.010


particles are initially produced at a constant rate (known as the
‘zero-order production of fines’) [5,12,14–17]. As grinding pro-
gresses, depending on the material being ground, the rate of pro-
duction of fines is found to either decrease or increase. However,
what breakage characteristics lead to a particular type of behavior
in respect of the change in the rate of production of fines with
grinding time is presently not well understood. This aspect has rel-
evance to the design of experiments for a direct determination of
the breakage distribution function.

Further, different trends of variation in the Bond work index
with the choice of the classifying (closing) screen are observed
for different materials [18]. In most cases, the value of the work
index is found to increase with a decrease in the size of the open-
ings of the classifying screen, but in some cases it is found to
remain practically constant or even decrease [18]. A proper expla-
nation for these observations is presently not available in the
literature.

In this paper, we present a detailed analysis of the fines
production kinetics using the framework of the size-discrete
population balance mathematical model and discuss how the
results of this analysis can be used for carrying out the various
tasks mentioned above with greater accuracy and efficiency,
and understanding observed variations in the specific energy
consumption with the material breakage characteristics and
product size.

2. Background

2.1. The population balance model

In its size-discrete form, the linear, time invariant population
balance mathematical model of the batch grinding operation can
be expressed by the following equation [8,19–21]

dMiðtÞ
dt

¼ �kiMiðtÞ þ
Xi�1

j¼1

bi;jkjMjðtÞ ð1Þ

where i is an index for a size interval that is bounded by the size of
the openings of the upper and lower sieves, xi�1 and xi, respectively;
MiðtÞ is the mass fraction of the particulate charge in the size inter-
val i; kj is the size-discrete specific breakage rate parameter which
represents the fractional rate at which particles break out of the size
interval j; and bi;j is the breakage distribution parameter, which rep-
resents the mass fraction of the particles breaking out of the size
interval j that reports to a finer size interval i. It may be mentioned
that according to the notation followed here, the size interval 1 con-
tains the coarsest particles. An alternative form of the model equa-
tion is [1,12,20,21]

dFiðtÞ
dt

¼
Xi

j¼1

Bi;jkjMjðtÞ ð2Þ

where FiðtÞ is the mass fraction of the particulate material finer than
size xi and Bi;j is the cumulative breakage distribution parameter,
which represents the mass fraction of the material breaking out of
the size interval j that is finer than size xi. Let the product term
Bi;jkj , which will repeatedly appear in our analysis, be denoted by
Pi;j, that is

Pi;j ¼ Bi;jkj ð3Þ
The physical meaning of Pi;j can be expressed as the specific rate of
production of material finer than size xi from particles of size class j.
In conformity with the terms ‘specific breakage rate parameters’
and ‘breakage distribution parameters’ for the k and B parameters,
the P parameters can be appropriately called as the ‘specific produc-
tion rate parameters’. It may be noted that by definition Bj;j = 1,
therefore we have

Nomenclature

A⁄ constant in Eq. (19), min�1

bi,j breakage distribution function in discrete size intervals,
dimensionless

Bðx;vÞ cumulative breakage distribution function in continu-
ous size, dimensionless

Bi,j cumulative breakage distribution function in discrete
size intervals, dimensionless

Ci defined in Eq. (31), dimensionless
d ball diameter, cm
D mill diameter, cm
E specific energy input to the mill, kWh/t
Eri percent deviation in the Fi value from zero-order pro-

duction behaviour
Fi mass fraction of particulate charge finer than xi, dimen-

sionless
Gi grindability corresponding to the classifying screen

aperture size of xi, g/rev
J fraction of the mill volume occupied by balls at rest,

dimensionless
kðvÞ specific breakage rate of particles of size v, min�1

ki specific breakage rate for particles of in i-th size inter-
val, min�1

Mi(t) mass fraction of particulate charge in i-th size interval
at time t, dimensionless

Mj
⁄ mass fraction in the j-th size interval of the mill feed,

dimensionless
N mill speed expressed as fraction of critical speed,

dimensionless

Pi,j specific production rate of material finer than size xi
from size fraction j, min�1

S aperture size of the classifying screen, mm
t grinding time, min
v particle size, mm
V a constant in Eq. (33c)
Wi Work index, kWh/t
x particle size, mm
xi size of the openings of the lower sieve of the i-th size

interval, mm
xp; xf 80% passing sizes associated with the product and feed

in Eq. (5), mm
Xp;Xf 80% passing sizes associated with the test sieve under-

size in the last cycle of the Bond test and the new feed
to the ball mill in Eq. (6), mm

Greek symbols
a exponent in Eq. (19), dimensionless
b exponent in Eq. (20), dimensionless
d ratio of apertures of upper and lower sieves of a size

interval, dimensionless
h exponent in Eq. (20), dimensionless
/⁄ constant in Eq. (20), dimensionless

Subscripts
i, j, m, n indices for particle size interval, #
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