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a b s t r a c t

The heat transfer from a solid phase to an impinging non-isothermal liquid droplet is studied numeri-
cally. A new approach based on an arbitrary Lagrangian–Eulerian (ALE) finite element method for solving
the incompressible Navier–Stokes equations in the liquid and the energy equation within the solid and
the liquid is presented. The novelty of the method consists in using the ALE-formulation also in the solid
phase to guarantee matching grids along the liquid–solid interface. Moreover, a new technique is
developed to compute the heat flux without differentiating the numerical solution. The free surface
and the liquid–solid interface of the droplet are represented by a moving mesh which can handle jumps
in the material parameter and a temperature dependent surface tension. Further, the application of the
Laplace–Beltrami operator technique for the curvature approximation allows a natural inclusion of the
contact angle. Numerical simulation for varying Reynold, Weber, Peclét and Biot numbers are performed
to demonstrate the capabilities of the new approach.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The interaction between sprays and hot solid objects occur in a
wide variety of industrial and environmental applications. Never-
theless, our understanding of the mechanisms involved in the pro-
cess is far from being complete. Therefore, the study of the
hydrodynamic and thermodynamic behavior of a single droplet
impinging on a solid substrate is of fundamental importance.

As a droplet nears a hot solid substrate, heat is transferred from
the solid to the liquid phase by conduction, convection and radia-
tion. This energy is used to increase the temperature of the liquid
or to vaporize the liquid from the base of the droplet. In the latter
case a direct contact between the solid and the liquid phase is
excluded (Leidenfrost phenomenon). For a surface temperature
below the Leidenfrost temperature we suppose that the direct
liquid-wall contact and the kinetic of the droplet spreading domi-
nate the heat transfer. Thus, we consider in this paper the coupled
heat transfer process in a single deforming droplet and in the solid
phase during the spreading and recoiling from the moment of its
impact till losing a direct contact with the solid. Despite several
advances made in the field of Computational Fluid Dynamics,
modeling and simulation of these processes are still very challeng-

ing. The Volume-of-Fluid [1–5], Level set [6–10], Immersed
Boundary/Front Tracking [11–15] and the arbitrary Lagrangian
Eulerian [16–21] are the most commonly used methods for
tracking/capturing moving interfaces/boundaries.

Although several interface capturing/tracking methods have
been proposed in the literature, only a few numerical studies incor-
porated the thermodynamic behavior. In the early study [22],
MAC-type solution technique has been used for the computations
of a water droplet impinging on a flat surface above the Leidenfrost
temperature. However, the unsteady heat transfer computation
has been neglected in this study. A considerable number of numer-
ical simulations using the Volume-of-Fluid method have been
reported in the literature for droplets impinging on a hot surface
[23–29]. Also, numerical studies using the Level set method
[30,31] and the Immersed Boundary method [32,33] have been
reported in the literature. All these methods can be classified as
fixed grid (Eulerian) methods. Computations using the Lagrangian
approach for a liquid droplet impinging on a hot solid substrate
have been presented in [34]. To the best of the authors knowledge,
computations of a liquid droplet impinging on a hot solid substrate
using the arbitrary Lagrangian–Eulerian (ALE) approach in both
phases have not been reported in the literature.

In this paper, we present an accurate and efficient sharp inter-
face ALE finite element approach for the computation of a non-
isothermal liquid droplet impinging on a hot solid substrate. The
Marangoni force, the surface force, and the jumps in the material
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parameters are incorporated into the model very accurately since
the free surface and the liquid–solid interface are resolved by the
computational mesh in the ALE approach. Also, spurious velocities
arising often in other methods can be suppressed by using this
approach [35]. Further, we use the Laplace–Beltrami operator tech-
nique [36,37] to treat the curvature in a semi-implicit manner [38].
This technique allows us to include the equilibrium contact angle
into the model weakly [39]. Since the moving liquid–solid interface
is resolved by the computational mesh, the energy equation in
both the liquid and the solid phases can be solved by a one-field
formulation. This allows us also to develop a new technique for
computing the heat flux from the solid phase to the liquid phase
without differentiating the numerical solution.

The paper is organized as follows. In Section 2 we introduce the
governing equations for the fluid flow and the heat transfer in the
liquid and solid phases. Then, the complex coupled problem is for-
mulated in dimensionless quantities. Section 3 is devoted to the
ingredients of our numerical approach. First, we explain in detail
how the curvature approximation by the Laplace–Beltrami tech-
nique and the contact angle condition can be implemented in the
weak form of the Navier–Stokes equations. We derive a one-field
formulation for the temperature in the liquid–solid domain. Next
the ALE approach to handle the moving mesh is discussed. Then,
under the assumption of axisymmetry, the fully weak 3D formula-
tion is transferred to the weak axisymmetric formulation. The dis-
cretization in space and time, in particular, the semi-discretization
of the curvature term are given. Finally, we address the mesh han-
dling techniques at the liquid–solid interface and the inner mesh
update. Section 4 is concerned with numerical tests for varying
Reynolds, Weber, Peclét and Biot numbers showing the capabilities
of the new method. We shortly summarize the proposed numerical
method and the obtained results in Section 5.

2. Mathematical model

2.1. Governing equations for the fluid flow

We consider a liquid droplet impinging on a horizontal hot sub-
strate, see Fig. 1. The fluid is assumed to be incompressible; density
and viscosity are constant. The governing equations for the fluid
flow describing the sequence of spreading and recoiling of an
impinging droplet in the given time interval (0, I) are the time-
dependent incompressible Navier–Stokes equations
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r � ðTðu;pÞÞ ¼ ge in XFðtÞ � ð0; IÞ; ð1Þ

r � u ¼ 0 in XFðtÞ � ð0; IÞ; ð2Þ

with the initial condition

uð�;0Þ ¼ u0 in XFð0Þ ð3Þ

and the boundary conditions given below. The time-dependent
domain of the deforming droplet is denoted by XFðtÞ. The set
XFðtÞ � ð0; IÞ is understood as fðx; tÞ 2 R4 : t 2 ð0; IÞ; x 2 XFðtÞg. The
boundary of the droplet satisfies @XFðtÞ ¼ CFðtÞ [ CSðtÞ, where CFðtÞ
and CSðtÞ are the free surface and the liquid–solid interface of the
droplet, respectively. Further, u is the velocity, p is the pressure, q
is the density, g is the gravitational constant, t is the time, e is an unit
vector in the opposite direction of the gravitational force,
u0ð0; 0;�uimpÞ is a given initial velocity and I is a given final time.
The stress tensor Tðu;pÞ for a Newtonian incompressible fluid is
given by

Tðu;pÞ :¼ 2lDðuÞ � pI; DðuÞi;j ¼
1
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with i; j ¼ 1; . . . ;3, where l denotes the dynamic viscosity, DðuÞ the
velocity deformation tensor and I the identity tensor. The kinematic
and force balancing conditions on the free surface CF are given by

u � mF ¼ w � mF on CFðtÞ; ð4Þ
Tðu;pÞ � mF ¼ rðTFÞKmF þrrðTFÞ on CFðtÞ: ð5Þ

Here, mF denotes the unit outer normal vector on the free surface, K
denotes the sum of the principal curvatures,r the tangential gradi-
ent (defined in Section 3.1), w the velocity of the computational
domain XFðtÞ; TF the temperature on CFðtÞ;rðTFÞ the temperature-
dependent surface tension. Let si;F ; i ¼ 1;2; denote tangential vec-
tors on the free surface CF(t). Then, (5) is equivalent to

mF � Tðu;pÞ � mF ¼ rðTFÞK; on CFðtÞ;
si;F � Tðu;pÞ � mF ¼ si;F � rrðTFÞ on CFðtÞ;

since the tangential gradient on CFðtÞ is perpendicular to mF . Fur-
ther, for simplicity we assume that the temperature-dependent sur-
face tension rðTFÞ follows a simple linear law

rðTFÞ ¼ rref � C1ðTF � Tref Þ; ð6Þ

where Tref is some reference temperature, rref is the surface tension
coefficient at the reference temperature and C1 > 0 is the negative
rate of change of surface tension with temperature. The changes
in the local surface temperature TFon the free surface induce varia-
tions in the surface tension. Due to these variations in the surface
tension, the fluid moves away from the region of low surface ten-
sion to the region of high surface tension. This effect is called
Marangoni convection. Note that for large TF the surface tension
(6) could become negative and the model would be no longer cor-
rect. In order to avoid this unphysical behavior we check in our
numerical computations whether the computed surface tension
values are in the range of validity of the law (6).

Next, for moving contact line problems the conventional no-slip
boundary condition at fixed walls cannot be used along the solid
surface. Imposing the no-slip boundary condition at the moving
contact line, where the free surface and the liquid–solid interface
meet, leads to an non-integrable force singularity at the contact
line [40–43]. Therefore, we use instead the Navier–slip boundary
condition [39,44–46] on the liquid–solid interface CSðtÞ

u � mS ¼ 0; u � si;S þ �lðsi;S � Tðu; pÞ � mSÞ ¼ 0: ð7Þ

Here, mS and si;S; i ¼ 1;2 denote the outer unit normal and tangential
vectors on the liquid–solid interface. Further, �l is the slip coeffi-
cient [39,47].

2.2. Heat transfer from the solid into the liquid phase

The heat transfer in the moving droplet and in the fixed solid
phase are described by the energy equation. In this study, we
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Fig. 1. Computational model for an impinging droplet on a hot solid substrate.
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