
Two immiscible layers of electro-osmotic driven flow with a layer of
conducting non-Newtonian fluid

Yi Huang a, Haiwang Li a,b, Teck Neng Wong a,⇑
a School of Mechanical and Aerospace Engineering, Nanyang Technological University, 50 Nanyang Avenue, Singapore 639798, Singapore
b National Key Lab. of Science and Technology on Aero-Engines, Beijing University of Aeronautics and Astronautics, Beijing 100191, China

a r t i c l e i n f o

Article history:
Received 13 November 2013
Received in revised form 26 February 2014
Accepted 27 February 2014
Available online 12 April 2014

Keywords:
Electro-osmotic pumping
Two immiscible layers
Power-law
Shear thinning

a b s t r a c t

Most of the bio-fluids are non-Newtonian fluid with complex flow behavior, for instances the human
blood and DNA sample are shear thinning fluids. The transportation of such fluids shares wide applica-
tions in microfluidics. The mathematical model for the two immiscible layers electro-osmotic driven flow
in the parallel microchannel is proposed in this paper. One layer is conducting non-Newtonian power-law
fluid driven by electro-osmotic force. The other layer is non-conducting Newtonian layer driven by inter-
face shear. The effects of Debye–Huckel parameter jh1, interfacial zeta potential wI, the Newtonian vis-
cosity l2, the non-Newtonian fluid consistency coefficient m & flow behavior index n are discussed. The
complex flow behavior, namely fluid consistent coefficient and flow behavior index, play important roles
upon the velocity distributions. The shear thinning effect is also analyzed. The results show that the shear
thinning fluid is not only ideal for direct electro-osmotic driving but also for hybrid driving.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Electro-osmotic driven flow gets wide applications in microflui-
dics, among which the electro-osmotic (EO) pump utilizes the
electro-osmotic force as the driven force. The drawback is that
the non-conducting fluid cannot be driven by the electro-osmotic
force directly. The idea of driving the non-conducting fluid by
viscous shear stress of the conducting fluid is proposed (hybrid
EO pump) [1]. Gao et al. [2,3] and Li et al. [4,5] conducted study
on two or multi layers immiscible fluids driven by electro-osmotic
effect and the mathematical approach is attained by solving the
Poisson–Boltzmann and Navier–Stokes equations.

The non-Newtonian fluid based applications, such as DNA sam-
ple transportation, separation, mixing of ‘‘Lab on chip’’, are in high
demand and received intense focus [6–8]. Due to the complexity of
non-Newtonian behavior, theoretical investigation on the non-
Newtonian electro-osmotic flow is limited. Currently, theoretical
research mainly concentrates on polymer solution, with which
the bio-sample behaviors similarly [9–12]. Das et al. [13] first de-
rived the theoretical model for a flat plane (or parallel plane). By
utilizing the Poisson–Boltzmann equation, momentum and energy
equations, the velocity profile and temperature distribution are ob-
tained for the power-law non-Newtonian fluid. Zhao et al. [14,15]

derived an exact solution for a single layer EOF driven power-law
non-Newtonian fluid with symmetrical electric double layer
(EDL) condition in microchannels. The explicit form of velocity pro-
file is obtained. Key parameters such as the flow behavior index n,
the Debye–Huckel parameter j are studied. Zhao et al. further ex-
panded the mathematical model by including the Gouy–Chapman
solution to the Poisson–Boltzmann equation and the Carreau fluid
constitutive model [16]. The non-linear ordinary equations were
solved numerically and a more general model was obtained. The
Carreau fluid model performs well and the Weissenberg number
(Wi) is also studied. Vasu et al. [17] expanded the single layer
EOF power-law model by solving the EDL potential distribution
at high zeta potential, upon which the Debye Huckel linear approx-
imation is no longer valid. The numerical results are obtained.

The work stated above mainly focus on the direct electro-osmotic
effect upon one single layer conducting non-Newtonian fluid. The
fluids described by the model are types of non-Newtonian fluids
with effective electro-osmotic and shear thinning effect. Non-ionic
polymer solutions are ideal samples as the electro-osmotic effect
can be controlled by adding salts and polymer solutions show obvi-
ous shear thinning effect. This paper aims to provide the theoretical
analysis of two immiscible layers of electro-osmotic driven flow
with one layer of conducting non-Newtonian fluid. The two layer
model is capable of driving the non-conducting fluid via interface
shear. The constitutive equation of non-Newtonian layer fluid is
described by power-law. The shear thinning effect which prompts

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.02.068
0017-9310/� 2014 Elsevier Ltd. All rights reserved.

⇑ Corresponding author. Tel.: +65 67905587; fax: +65 67954623.
E-mail address: mtnwong@ntu.edu.sg (T.N. Wong).

International Journal of Heat and Mass Transfer 74 (2014) 368–375

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2014.02.068&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.02.068
mailto:mtnwong@ntu.edu.sg
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.02.068
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


the flow rate by reducing the shear rate dependent viscosity makes
the shear thinning fluid ideal for hybrid EO pump.

2. Mathematical model

Fig. 1 shows the model of the two immiscible layers flow
between parallel plates. There are two physical layers, non-
Newtonian layer 1 and Newtonian layer 2 represented by h1 and
h2, respectively (Fig. 1(a)).

The upper layer is a conducting non-Newtonian layer described
by power-law, driven by an applied external electric field. The
lower layer is the non-conducting Newtonian layer driven by the
interface viscous shear stress. To develop the analytical model,
the non-Newtonian layer h1 is sub-divided into different regions
as indicated in Fig. 1(b).

The heights of the non-Newtonian and Newtonian layers are h1

and h2, respectively. The zeta potentials on the wall and the inter-
face are wW and wI, respectively.

2.1. Electric potential distribution in the conducting layer

The electric potential distribution only exists within the con-
ducting non-Newtonian fluid and it follows the Poisson–Boltz-
mann equation:

r2w ¼ �qe

e
ð1Þ

where, w is the electric potential in the solution, qe is the electric
charge density, e is the electric permittivity of the solution.

The electric charge density can be expressed as:

qe ¼ �2zve0n0 sinh
zve0

jbT

� �
ð2Þ

where, n0 is ionic concentration in the bulk solution, e0 is the funda-
mental electric charge, zv is the valence of the ion, e is the electric
permittivity of the solution, jb is the Boltzmann constant, T is the
absolute temperature.

Dealing with the parallel plate model, the equation can be
simplified as:

d2w

dy2 ¼
2zve0n0

e
sinh

zve0

jbT

� �
ð3Þ

Equation (3) can be linearized by using the Debye–Huckel approx-
imation, sinh zv e0

kbT

� �
¼ zv e0

kbT . It physically means: |zve0w| < jbT. We
can obtain the linearized equation for the electric potential
distribution:

d2w

dy2 ¼ j2w ð4Þ

j2 ¼ 2z2
ve2

0n0

ekbT
ð5Þ

where j is the Debye–Huckel parameter and j�1 is normally
considered as the thickness of electric Debye layer (EDL).

Boundary conditions for the electric potential:

Wall boundary zeta potential at y ¼ h1 : w ¼ wW

Interface boundary zeta potential at y ¼ 0 : w ¼ wI

The solution for the electric potential (Eq. (4)) under the bound-
ary conditions is:

w ¼ sinhðjyÞ
sinhðjh1Þ

wW þ
sinhðjh1 � jyÞ

sinhðjh1Þ
wI ð6Þ

(a) Two-fluid model over the whole channel

(b) Details in the non-Newtonian layer 1 near the wall boundary

Fig. 1. Schematic diagram of two immiscible layers electro-osmotic driven flow model.
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