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a b s t r a c t

Based on the total volume and fin-material volume constraints, a tree-shaped assembly of fins is opti-
mized with entransy dissipation rate minimization, and the dimensionless mean thermal resistance
and the corresponding optimal construct are obtained. The results show that the heat conductance per-
formance of the assembly is better as the fraction of fin material increases, thermal conductivity of fin
grows smaller, and the heat transfer coefficient of fin over all the exposed surfaces becomes larger.
The heat conductance performance of the tree-shaped assembly is not always better with more complex-
ity, and is far better than that of the T-shaped assembly. The optimal constructs corresponding to the
minimization of entransy dissipation rate and the minimization of maximum thermal resistance, respec-
tively, are different obviously. For the former, its dimensionless mean thermal resistance is smaller, and
the heat conductance performance is much better.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Recently, heat transfer optimization has been performed by
using constructal theory [1–32]. Bejan [1] first put forward the
constructal theory and applied it to heat conduction optimization
in 1996. Since then, the constructal theory that was applied to heat
transfer optimization problems of fins [33–47] has been develop-
ing rapidly.

The heat transfer optimizations of fins in Refs. [33–47] reflect
the temperature limitation of the fins with the maximizations of
heat transfer rates or the minimizations of maximum thermal
resistances. To reflect global heat conduction performance and im-
prove the heat transfer efficiency, Guo et al. [48,49] proposed a
new physical quantity called ‘‘entransy’’ describing the heat trans-
fer ability and the entransy dissipation extremum principle. The
physical meaning of entransy was further expounded according
to the researches such as physical mechanisms of heat conduction
and electro-thermal simulation experiments. The entransy dissipa-
tion has caught much attention of some authors studying all kinds
of heat transfer optimization problems [50–65]. By combining the
entransy dissipation extremum principle [48–65] with constructal

theory [1–47], a series of constructal optimizations have been con-
ducted by Refs. [66–81].

Bejan and Almogbel [35] adopted analytical method and took
heat transfer rate as optimization objective to conduct constructal
optimizations of T-, s- and umbrella-shaped assemblies of fins.
Almogbel [36] studied the tree-shaped assembly composed of
many T-shaped assemblies of fins, and showed that the tree-
shaped assembly could further enhance its heat conductance. It
is not enough to optimize the fins with the local optimization
objectives such as the maximizations of heat transfer rates (or
the minimizations of maximum thermal resistances). Therefore,
based on Ref. [35], the minimizations of entransy dissipation rates
for T- and umbrella- shaped assemblies of fins were conducted in
Refs. [76,81]. This paper will study a tree-shaped assembly of fins
with entransy dissipation rate minimization based on Ref. [36],
and the obtained results will be compared with theose of T-shaped
assembly.

2. Tree-shaped assembly

Consider a tree-shaped second-order assembly composed of a
number (n) of T-shaped assemblies shown as in Fig. 1 [36]. Such
T-shaped first-order assembly is assembled with two elemental
fins (Lbi � tbi) and one first-order fin (Li � ti). Just as in Ref. [36], this
paper sets that Lb1 = � � � = Lbi = � � � = Lbn, tb1 = � � � = tbi = � � � = tbn,
L1 = � � � = Li = � � � = Ln and t1 = � � � = ti = � � � = tn, where bi, n, i, k, h, qB,
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and T1 all have the same meanings as in Ref. [36]. The differences
from Ref. [36] are that qB is specified and TB is unknown.

In this paper, constructal optimization of tree-shaped assembly
is to determine the optimal geometry (the number (n) of branch
pairs, the slenderness of the tree-shaped assembly (

Pn
i¼1Li=ð2LbnÞ

and the branch-to-stem aspect ratio (tbi/ti)) with the minimization
of entransy dissipation rate. As in Ref. [36], the constructal
optimization of this paper is subjected to two constraints, namely,
the total volume constraint,

A ¼ 2Ln

Xn

i¼1

Li ¼ constant ð1Þ

and the fin-material volume constraint,

Af ¼
Xn

i¼1

ðLiti þ 2LbitbiÞ ¼ constant ð2Þ

where the subscript f denotes the fin-material. Eq. (2) can be con-
verted to the fin-material fraction which is the fraction of fin mate-
rial allocated to the space, /2 = Af/A� 1 is defined, where the
subscript 2 denotes a tree-shaped second-order assembly. Assume
that heat transfer thermal resistance of the fin surface, 1/h, is much
larger than heat conductance thermal resistance, ti/k and tbi/k
(i = 1, 2, . . ., n). That is, the following Biot number criterion is
satisfied:

Bi ¼ ðhti=kÞ1=2 � 1

Bbi ¼ ðhtbi=kÞ1=2 � 1
ð3Þ

So the temperature of the fin at each cross-section can be regarded
as uniform. Now the heat conduction directions of elemental fins
and the rib may be considered as one-dimensional directions along
the Lbi and Li fins, respectively.

For the ith T-shaped assembly the temperature distribution in
one elemental fin is [36]

Tx � T1 ¼ ðTi � T1Þ½coshðmbix Þ � sinhðmbix Þ tanhðmbiLbi Þ� ð4Þ

where mbi ¼ 2h
ktbi

� �1=2
.

According to entransy dissipation rate defined in Ref. [49], the
entransy dissipation rate of one elemental fin is

_Evhu;bi¼
Z Lbi

0
Wtbik

dTx

dx

� �2

dx

¼akW
4
ðTi�T1Þ2SechðaeLbi~t

�1=2
bi Þ

2
�2a eLbiþ~t1=2

bi sinhð2aeLbi~t
�1=2
bi Þ

h i
ð5Þ

where ðeLbi;~tbiÞ = (Lbi, tbi)/A1/2 and a ¼ ð2h A1=2
=kÞ

1=2
.

The temperature distribution in the corresponding stem is [33]

Tyi
� T1 ¼ cschðmiLiÞ½ ðTi � T1Þ sinhðmiyi Þ � ðTi�1 � T1Þ

� sinhðmiyi �miLiÞ � ð6Þ

where mi ¼ 2h
kti

� �1=2
; yi denotes the y coordinate established in the

ith T-shaped assembly. Because miLi ¼ aeLi~t
�1=2
i , the entransy dissi-

pation rate of the corresponding stem is

_Evhu;i ¼
Z Li

0
Wtik

dTyi

dy

� �2

dy ¼ akW
4

cschðaeLi~t
�1=2
i Þ

2
2a~Li½ðTi � T1Þ2
n

� 2 coshðaeLi~t
�1=2
i ÞðTi � T1ÞðTi�1 � T1Þ þ ðTi�1 � T1Þ2�

þ 2~t1=2
i sinhðaeLi~t

�1=2
i Þ coshðaeLi~t

�1=2
i ÞðTi � T1Þ2 � 2ðTi � T1Þ

h
� Ti�1 � T1Þ þ coshðaeLi~t

�1=2
i Þ ðTi�1 � T1Þ2

� io
ð7Þ

Nomenclature

A area of the fin allocated to the space
B Biot number
h convective heat transfer coefficient
L length of fin
n number of branch pairs
R mean thermal resistance
T temperature
t width of fin
h hi = (T � T1)/(T0 � T1)
a a ¼ ð2h A1=2=kÞ

1=2

E entransy dissipation rate
k thermal conductivity
m m ¼ 2h

kt

� �1=2

q heat transfer rate

S slenderness, S ¼
Pn

i¼1Li=ð2LbnÞ
T1 fin surface temperature
/ fraction of the fin material

Superscript
� nondimensionalization
� rate

Subscript
B branch
i ith branch pair
f fin surface
h entransy dissipation rate

Fig. 1. Tree-shaped assembly of fins [36].
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