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a b s t r a c t

Enhancement of heat transfer in minichannels due to co-flowing of two immiscible fluids in a direct con-
tact is investigated in this work. Different fluid combinations are analyzed. The momentum and energy
equations for both flows are solved analytically and numerically. The numerical and analytical solutions
are found to be in good agreement. A parametric study including the influence of fluids relative viscosity,
thermal conductivity, thermal capacity and height ratios is conducted for various Peclet numbers. Differ-
ent ranges of the parameters that augment the heat transfer are obtained, and different physical aspects
of the problem are discussed. For practical fluid combinations with small Peclet numbers, the enhance-
ment factor can increase up to 2.6 folds. However, that increase is about 1.2 folds when the Peclet number
is increased by two orders of magnitude. This work establishes the mechanisms for heat transfer
enhancement utilizing two immiscible co-flows.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

A review of recent heat transfer literature [1–3] reveals that
large number of investigations was devoted to the topic of heat
transfer enhancement. Most of these works considered at least
one of the following enhancement mechanisms: (a) stream profil-
ing [4,5] such as using twisted tapes, spirals, and wire coils, (b) fins
such as slotted and louvered fins [6,7], (c) electrohydrodynamic
effects [8], (d) surface coatings [9], (e) additives [10,11], (f) acoustic
streaming [2], (g) turbulators [2] and, (h) flow and velocity ampli-
fications [12–14]. Additional reviews in this area have shown an
increased interest in enhancement technology [15,16]. A number
of these works introduce new concepts in this area [17–22].

Heat transfer Enhancement utilizing an immiscible fluid co-
flowing with the coolant flow in a direct contact manner has not
received much attention by researchers [1–3,15,16,22]. As such,
this subject is considered as the main topic of the present work.
Immiscible fluids having smaller viscosity or larger specific heat
than the coolant can enhance the heat transfer. This is because
they can enhance the velocity near the heated plate, widening
the thermal entry region or amplifying the coolant flow rate. These
effects are the major causes for heat transfer enhancement by lam-
inar flows. Therefore, the present work is additionally aimed to
specify ranges for thermophysical properties and flow conditions
that can result heat transfer enhancement by co-flowing two
immiscible fluids.

One of the main advantages of heat transfer enhancement by
co-flowing of two immiscible fluids in direct contact manner is that
both flows are subject to the same pressure gradient. In contrast,
the pressure gradient of the counter-flowing system decrease to
zero then changes sign and starts to decrease below zero. As a re-
sult, the fluid flow rates in the co-flowing system are expected to
be larger than those in the counter-flowing system. Moreover, for
short channels with co-flowing system, the secondary fluid tem-
peratures at the inlet of the primary flow are much smaller than
those of the counter-flowing system. This effect elevates the con-
vection heat transfer coefficient between the heated boundary
and the adjacent primary flow due to thermal entry region. Finally,
as the micro-channel geometry may cause inadequate operation of
efficient enhancement methods [23–25], co-flowing of two immis-
cible fluids can become an attractive alternative.

In the present work, heat transfer through two layered immis-
cible fluid flow within a horizontal minichannel is analyzed. For
all analyzed cases, the density and the thermal conductivity of
the primary fluid residing on the heated boundary are considered
to be larger than those of the other fluid, referred to as the second-
ary fluid. The dynamic viscosity and the volumetric thermal capac-
ity of the secondary fluid are allowed to be either larger or smaller
than those of the primary fluid. Both momentum and energy trans-
port equations are solved for each flow using analytical and
numerical methods. Various analytical solutions for the tempera-
ture field under applicable constraints are obtained and validated
against the numerical solution. A parametric study of the heat
transfer enhancement is made to identify ranges of controlling
parameters that reveal favorable enhancement attributes.
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2. Problem formulation

2.1. Generalized two-dimensional model

Consider a two-dimensional horizontal minichannel of height H
which is much smaller than its length L. Consider two immiscible
fluids co-flowing inside the minichannel. The primary fluid has
specific heat cp1, thermal conductivity k1, dynamic viscosity l1

and density q1. The corresponding properties of the secondary fluid
are cp2, k2, l2 and q2. The primary fluid is considered to be denser
than the secondary fluid (q1 > q2) so it will line up against the low-
er boundary. This boundary is considered to be heated with a con-
stant heat flux q00s . The upper boundary of the minichannel is
considered to be adiabatic so that both co-flows advect the total
heat transfer from the source. In addition, the secondary fluid is
considered to flow between the upper boundary of the minichan-
nel and the upper boundary of the primary fluid flow in a co-cur-
rent direction as shown in Fig. 1. The resulting system has a
perfect direct contact interface between the fluids. This results in
the maximum heat transfer enhancement ratio.

The height of the primary fluid flow is d while that of the sec-
ondary fluid flow is H � d. Both fluids have the same inlet pressure
pi and the same exit pressure po. The x-axis is taken along the mini-
channel starting from its inlet as shown in Fig. 1. The y1-axis is ta-
ken along the minichannel transverse direction starting from its
lower boundary. The y2-axis is taken along the minichannel trans-
verse direction starting from the upper boundary of the primary
fluid flow at y1 = d as shown in Fig. 1. The momentum and energy
equations for internal flows are applicable to the present problem
[26,27]. These equations for both fluids have the following dimen-
sionless forms:
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Nomenclature

a channel aspect ratio (a = H/L)
a1, a2 (primary, secondary) flow aspect ratio

ða1 ¼ d=L; a2 ¼ ½H � d�=LÞ
C1, C2 (primary, secondary) flow thermal capacity (W K�1)
cp1, cp2 (primary, secondary) fluid specific heat (J kg�1 K�1)
H channel height (m)
h1 convection coefficient at the hot boundary (W m�2 K�1)
hI convection coefficient between interface and secondary

flow (W m�2 K�1)
k1, k2 (primary, secondary) fluid thermal conductivity

(W m�1 K�1)
L channel length (m)
_m1; _m2 (primary, secondary) fluid mass flow rate (kg s�1)

Nu1 Nusselt number between hot boundary and primary
flow (Nu1 = h1d/k1)

Nu2 Nusselt number between interface and secondary flow,
Eq. (20)

P1, P2 (primary, secondary) flow ideal pumping power (W)
Pt total ideal pumping power (W)
p1, p2 (primary, secondary) fluid pressure (kg m�1 s�2)
p1;p2 (primary, secondary) fluid dimensionless pressure, Eqs.

4(h, i)
Pe1, Pe2 (primary, secondary) flow Peclet number

(Pe1,2 = Re1,2 Pr1,2)
Pr1, Pr2 (primary, secondary) fluid Prandtl number

(Pr1,2 = l1,2(cp)1,2/k1,2)
q00s heat flux at hot boundary (W m�2)
q00I heat flux at interface (W m�2)
Re1, Re2 (primary, secondary) flow Reynolds number, Eqs. 5(d, e)

T1, T2 (primary, secondary) fluid temperature (K)
u1, u2 (primary, secondary) fluid axial velocity (m s�1)
u1;u2 (primary, secondary) fluid dimensionless velocity

ðu1;2 ¼ u1;2=uð1;2ÞavgÞ
v1, v2 (primary, secondary) fluid transverse velocity (m s�1)
v1; v2 dimensionless (v1,v2) transverse velocity ðv1;2 ¼ v1;2=

½ðd=LÞuð1;2Þavg �Þ
x; x (dimensional, dimensionless) axial distance ((m),

x ¼ x=L)
y1, y2 normal (primary, secondary) system coordinate (m)
y1; y2 dimensionless (y1,y2) coordinate ðy1 ¼ y1=d; y2 ¼ y2=

½H � d�Þ
Greek symbolsc

second thermal performance factor, Eq. (23)
k heat transfer enhancement factor, Eq. (22)
l1, l2 (primary, secondary) fluid dynamic viscosity (kg m�1 s�1)
h1, h2 dimensionless (primary, secondary) fluid temperature,

Eqs. 4(j, k)
q1, q2 (primary, secondary) fluid density (kg m�3)
Subscripts
avg average quantity
I quantity at interface
i quantity at inlet
o quantity at outlet
m mean bulk value of the quantity
r quantity when primary flow occupying the channel

height
W quantity at the hot boundary

sq ′′

L

1111 k,,c, p μρ

2222 k,,c, p μρ

δ

δ−HSecondary fluid flow 

Primary fluid flow 11 v,y

22 v,y
2u,x

1u,x

Fig. 1. Schematic diagram the coordinates system for the two dimensional channel
with two co-flows of immiscible fluids.
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