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a b s t r a c t

We consider the effect of modulat ing the microchannel shapes within a liquid-cooled device to determine 
how geometry affects heat transfer effects. By using the asymptotic approach of homogenization, we find
a single advection–diffusion equation, which has an anisotropic thermal conductivity tensor that depends 
on the local channel width and laminate thickn ess. A novel modification of the homogenization approach 
is used to allow the spacing of the microchanne ls and laminates to vary over the macroscale, relaxing the 
spatial periodicity requirement of the technique . We find that the anisotropic thermal conductivity cor- 
responds to two different classes of steady thermal solutions: a hot spot symmetric along the centerline,
or two maxima which are symmetric about the centerl ine. The location of the hot spot depends on the 
energy balance between convective transport in the streamwis e direction and effective conduction in
the spanwise direction. Optimiziation formulations for families of channel/laminate geometries are per- 
formed to find minim um average temperat ures within each of these families.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction 

As the need for more sophisticated electroni c devices increases,
their power needs increase as well. One limitatio n on the develop- 
ment of these devices is the requirement to remove heat energy 
from the system in order to maintain consistent operation. Appli- 
cations where the rates of heat transport are important in the field
are in radar stations and vision systems, to name only a few. Tra- 
ditional heat fins which use air convectio n to dissipate the energy 
are not sufficient to remove the required energy from these 
devices.

A different paradigm was proposed by Tuckerman and Pease [1]
to use microcha nnels within the electronic device to carry the en- 
ergy from the chip to the environment. In the past 30 years, the 
need for small-scal e heat exchangers has increased significantly,
but there has been controversy on whether macroscale flow and 
thermal correlations are appropriate for microscale flows (see the 
reviews of [2–5]). Optimiza tion strategies have also been of inter- 
est, but these strategies do not take into account coupling of the lo- 
cal heat-transfer problem with transfer to the environment outside 
the heat exchanger. Further, as the scales of the cross-sectional 
area become smaller, physical effects negligible on the macroscale 
can become relevant, such as viscous heating due to fluid flow for 
example (see [4]).

Although the experimental capability to design and fabricate 
specific microstructures in materials has advanced significantly
in the past few decades, a description of their effective thermal 

behavior on the macroscale has not kept pace [6]. There are several 
technical challenges associated with modeling the energy trans- 
port in these systems. First, the length scales of the fundamenta l
processes are several orders of magnitude smaller (100 nm–
10 lm, or the microscale) than the scales dictated by a given appli- 
cation (1 mm–1 cm, or the macrosca le) [7]. In addition, the rates of
energy transport on the microscal e need not be commens urate 
with the energy rates of transport on the macroscale. Further, mul- 
tiple coupled physical processes , such as thermal, electrom agnetic,
mechanical and chemical thermodyna mically interact under con- 
ditions which may be classically identified but whose net response 
from their interactio n is not easily predicted.

Current modeling of these multi-ph ysics systems has focused 
on direct computati onal approaches (see [8] as one example). With 
these studies, a prescribed design is tested through a variety of dif- 
ferent flow conditions and coolant/power requirements. These in
silico experiments are useful in evaluating a specific design, with 
the requiremen t that the periodic array of channels are identical 
over all of the channels. We are interested on the effect on global 
heat transport by slowly-varying changes in the geometry of the 
microcha nnels and the laminate thicknesses. The goal here is to
develop a mathematical framework that captures the dominant 
physics and on which efficient computati onal design tools can be
built.

The limitations of direct numerical simulation of these cooling 
systems is due to the need to resolve the finest length scale in
the problem. For example the characterist ic channel widths are 
on the order of tens of microns, but the device length scale is on
the order of a centimeter. Hence, to directly compute the full 
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problem requires 106 more resource s, either time or computational 
power. This separation of scales, or stiffness, limits not only the 
feasibility of a direct simulation but also the reliability of the 
resulting calculated solutions.

Effective models which capture the dominant physics in the 
microscale and their effect on macroscale dynamics are an
attractive choice, since the mathematical description is computa- 
tionally feasible, provides physical insight into the dominant 
macroscopic behaviors on the applicati on time scales and opera- 
tional frequencies, and their limits of validity are well under- 
stood (e.g. [9]). Classical asymptotic approach es to these 
problems require the material to be spatially periodic at a fixed
wavenumber [10,11]. However, materials that are influenced by
many physical processes do not conform to this modeling para- 
digm. We extend these asymptotic approaches here to allow for 
the spatial pattern wavenum ber to vary over the macrosca le
variables in order to find how changes in microstru cture geom- 
etry can affect macroscopic properties and transport. This exten- 
sion then results in a problem of solving the flow field and 
thermal profile in a porous media (Ene and Polisevsk i [12] de-
scribe the classical homogeniza tion approach). Liquid-cooled 
electronics provides a context in which these approaches can 
be implemented , and the results can be used to improve cooling 
system design.

We focus in this paper on a canonical problem of silicon lam- 
inates, in which energy is generated. Between the laminate s are 
fluid channels which through which coolant flows to reduce the 
overall temperat ure of the system. Although this problem is geo- 
metrically simpler than systems found in applicati ons, it has the 
benefit to formulate the mathematical problem completely and 
to better quantify the errors in the approximat ion. Further, in this 
paper we consider applicati ons where power densities are ‘‘low’’
(at most 100 W/cm 2). Although limited in its description of the 

energy removal needs of current applicati ons, this assumption 
simplifies the analysis significantly, and can directly describe 
most of the current generation of cooling systems. Note that this 
restrictio n then results in the assumptions of fully develope d
flow, fluid material propertie s that are independent of tempera- 
ture, and viscous heating effects are ignored (see Rosa et al. [4]
for a review of papers for single channels where these assump- 
tions are relaxed). We discuss in the Conclusions section the chal- 
lenges that need to be addressed to describe higher power 
applicati ons, where these assumptions may not necessarily be
made.

The outline of the paper is as follows. In Section 2 we outline the 
problem and derive a single partial differential equation for the 
temperat ure in the chip over the macrosca le, which depends on
the channel and laminate geometries, applied pressure drops and 
fluid and solid material parameters. In Section 3 we discuss the dif- 
ferent modes of energy transport, how these modes depend on the 
channel-l aminate geometry , and some examples of how the cur- 
rent modeling framework can be leveraged to find optimal channel 
patterns. We discuss our conclusio ns in Section 4.

2. Problem formulat ion 

We consider the situation illustrated in Fig. 1. A series of heat- 
generating laminates are separated by a region filled with an
incompres sible liquid. The coolant is moved between the laminate 
by an applied pressure drop DP⁄. The thickness of the solid and 
fluid regions scale on a length scale H, while the variation of the 
power generation in the laminates q⁄ varies on a much larger scale 
L� H. Our goal is to find an effective set of equations for the fluid
pressure and the temperature based on the power distribut ion 
along the silicon laminates. Typical geometry and material proper- 
ties of these systems are listed in Table 1.

Nomenc lature 

A unknown spanwis e temperatur e gradient (microscale)
Bi Biot number 
H characteristic microscal e length 
L characteristic macroscal e length 
DP⁄ dimensiona l pressure scale 
Pe Peclet number DP⁄H2/(l1j1)
Pr Prandtl number of fluid
Re Reynolds number of fluid
T dimensiona l temperatur e
U characteristic axial fluid velocity 
cn arbitrary eigenfunc tion amplitud e (mode n)
cp specific heat 
h channel or laminate thickness 
k thermal conduc tivity 
k̂ dimensionles s geometric average of thermal conducti v-

ity 
�k dimensionles s arithmetic average of thermal conducti v-

ity 
n principle normal of local laminate/chan nel interface 
p fluid pressure 
q power source 
q effective heat flux along chip boundary 
t time
u fluid velocity componen t
u fluid velocity vector 
x macroscale coordinate 
y microscale coordinat e

Greek Symbols 
a optimizatio n parameter 
d dimensionl ess ratio of streamwi se convecti on to span- 

wise conduction 
� aspect ratio H/L
j thermal diffusi vity 
g eigenvalue of uniform laminat e/channel thickn ess case 
k dimensionl ess laminate-c hannel microscale period 
/ eigenfuncti on of uniform laminate/ch annel thickn ess 

case 
q mass density 
l dynamic viscosity of fluid
h dimensionl ess temperat ure 
�h macroscal e dimension less temperatur e (independent of

microscale)
n integration variable 

Subscript s
0,1,. . . dependent variables: Correcti on of quantit y to O(�0,1,. . .).

Independent variables: 1 streamwi se direction, 2 span- 
wise direction. Material properties: 1 fluid, 2 solid 

‘ liquid
s solid

Supersc ripts 
⁄ dimensiona l quantity 
(1) dependent variable: fluid quantity 
(2) dependent variable: solid quantity 
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