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a b s t r a c t

Free convective heat and mass transfer flow over a moving permeable flat vertical stretching sheet in the
presence of non-uniform magnetic field is numerically investigated. Effects of thermal radiation and con-
vective surface boundary condition on steady boundary layer flow of a viscous incompressible electrically
conducting fluid are considered. A scaling group of transformation is applied to the governing equations and
the boundary conditions. After finding three absolute invariants a third order ordinary differential equation
corresponding to the momentum equation and two second order ordinary differential equations
corresponding to energy and diffusion equations are derived. Furthermore the similarity equations with
the corresponding boundary conditions are solved numerically by using Runge–Kutta–Felberg fourth–fifth
order numerical method. Numerical results for velocity, temperature, and concentration distributions as
well as skin friction coefficient, local Nusselt, and Sherwood numbers are discussed for various values of
physical parameters.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Flow and heat transfer induced by a stretched surface is a rele-
vant problem in many industrial processes such as manufacture
and drawing of plastics and rubber sheets, glass-fiber and paper
production, metal and polymer extrusion processes, cooling of
metallic sheets in a cooling bath, crystal growing and many others.
The rate of cooling plays an important role about the quality of the
final product obtained from these processes, in which a moving
surface emerges from a slit, and as a consequence, a boundary-
layer flow is appeared in the direction of the movement of the sur-
face. The pioneering work in this area was conducted by Sakiadis
[1–3]. Sakiadis analyzed the boundary layer assumptions and the
governing equations of the problem, and the boundary layer flow
on a continuously stretching surface with a constant speed was
investigated. The problem of flow and heat transfer over a stretch-

ing surface has been investigated and discussed by many research-
ers [4–7]. The study of magnetohydrodynamic (MHD) flow of an
electrically conducting fluid is of considerable interest in modern
metallurgical and metal-working processes. The study of MHD
flow and heat transfer are deemed as of great interest due to the
effect of magnetic field on the boundary layer flow control and
on the performance of many systems using electrically conducting
fluids. Some of the engineering applications are in MHD genera-
tors, plasma studies, nuclear reactor, geothermal energy extrac-
tions, purifications of metal from non-metal enclosures, polymer
technology and metallurgy. The study of the magnetohydrody-
namic (MHD) flow of a boundary layer fluid over a stretching sheet
has been carried out by many researchers [8–12]. Thermal radia-
tion effects may play an important role in controlling heat transfer
in industry where the quality of the final product depends on the
heat controlling factors to some extent. High temperature plasmas,
cooling of nuclear reactors, liquid metal fluids, and power genera-
tion systems are some important applications of radiative heat
transfer from a surface plate to conductive fluids. A number of
studies have appeared that consider hydromagnetic radiative heat
transfer flows. Interesting studies have been presented by Spreiter
and Rizzi [13] in the context of solar wind radiative magnetohydro-
dynamics. Nath et al. [14] obtained a set of similarity solutions for
radiative-MHD stellar point explosion dynamics using shooting
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methods. Chen [15] studied the effects of anisotropic scattering on
steady non-similar free convective radiative hydromagnetic
boundary layer flow over a diffuse reflecting surface solving a
separate equation for magnetic field distribution. Recently, Noor
et al. [16] studied the effect of heat source/sink on MHD free con-
vection thermophoretic flow over a radiate isothermal inclined
plate. However, heat transfer characteristics of the stretching sheet
problem have been restricted to two boundary conditions of either
prescribed temperatures or heat flux at the wall in the published
papers. Most recently, heat transfer problems for boundary layer
flow concerning a convective boundary condition was investigated
by Aziz for the Blasius flow [17]. Similar analysis was applied to the
Blasius and Sakiadis flow with radiation effects [18]. Makinde
[19,20] studied the heat and mass transfer over a vertical plate
with convective boundary conditions. Ishak [21] studied the steady
laminar boundary layer flow and heat transfer over a stationary
permeable flat plate immersed in an uniform free stream with con-
vective boundary condition. Ishak et al. [22] studied the problem of
steady laminar boundary layer flow and heat transfer over a mov-
ing flat surface in a parallel stream with convective boundary con-
dition. Subhashini et al. [23] investigated the simultaneous effects
of thermal and concentration diffusions on a mixed convection
boundary layer flow over a permeable surface under convective
surface boundary condition. Recently, Hayat et al. [24] studied
the flow and heat transfer of Eyring Powell fluid over a continu-
ously moving surface in the presence of convective boundary con-
ditions. Lie group analysis, also called symmetry analysis was
developed by Sophius Lie to find point transformations which
map a given differential equation to itself. This method unifies al-
most all known exact integration techniques for both ordinary and
partial differential equations Oberlack [25]. In the field of viscous
fluids there is many papers dealing with aspect of group theory
transformation [26–33]. A special form of Lie group transforma-
tions, known as scaling group of transformation is used in this pa-
per to find out the full set of symmetries of the problem and then
to study which of them are appropriate to provide group-invariant
or more specifically similarity solutions. Motivated by the above-
mentioned investigations and applications, in this paper, we inves-
tigate the combined effects of thermal radiation and convective
surface boundary condition on steady Magnetohydrodynamic free
convective heat and mass transfer flow past a moving permeable
flat vertical stretching sheet. Finally, the similarity equations are
solved numerically by using Runge–Kutta–Felberg fourth–fifth or-
der numerical method.

2. Basic equations

We consider the steady free convective flow and mass transfer
of a viscous, incompressible and electrically conducting fluid over a
stretching sheet. By applying two equal and opposite forces along
the x-axis, in the presence of a variable magnetic field Bð�xÞ normal
to the plate as shown in Fig. 1. The induced magnetic field due to
the motion of the electrically conducting fluid is negligible. This
assumption is valid for small magnetic Reynolds number. It is also
assumed that the external electric field is zero and the electric field
due to polarization of charges is negligible. It is also assumed that
the pressure gradient, viscous and electrical dissipation are ne-
glected. It is assumed that the left surface of the plate is heated
by convection from a hot fluid at temperature Tf which provides
a heat transfer coefficient hf and T1 the ambient fluid temperature.
The species concentration at the vertical plate is also maintained
uniform Cw which is also higher than the ambient fluid concentra-
tion C1. Fig. 1 shows the coordinates and flow model. The fluid
properties are assumed to be constant except the density in the
buoyancy terms of the linear momentum equation which is

approximated according to the Boussinesq’s approximation. Under
the above assumptions, the boundary layer form of the governing
equations can be written as (see Ref. Kays and Crawford [34]):
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where �u and �v are �x (along the sheet) and �y (normal to the sheet)
components of the velocities respectively, q is the density of the
fluid, m is the kinematic viscosity, r ¼ r0�u is the electric conductiv-
ity, g is the acceleration due to gravity, bTð�xÞ is the volumetric coef-
ficient of thermal expansion, bCð�xÞ is the volumetric coefficient of
concentration expansion, cp is the specific heat at constant pressure,
a is the thermal diffusivity, m is the exponent, D is the mass diffu-
sivity, vw is the mass transfer velocity, r1 is the Sefan-Boltzman
constant and j1 is the Rosseland mean absorption coefficient.
(DC)0 is a constant and m is the power law index of wall tempera-
ture and concentration. A magnetic field of non-uniform strength
BðxÞ ¼ Boffiffi

�x
p (see Helmy [35]) is applied in the y-direction normal to

the plate surface. Also c is positive dimensional constant stand for
characteristic stretching intensity and the dimension of c is the
dimension of ð m

L4=3Þ.

2.1. Nondimensionalization

Introducing the following dimensionless variables:
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Fig. 1. Coordinate system and physical model.
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