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a b s t r a c t

This paper reports a theoretical and numerical study of species separation in a binary liquid mixture sat-
urating a shallow porous layer heated from below or from above and inclined with respect to the vertical
axis. It is shown that the separation can be increased using this configuration and the stability of the uni-
cellular flow obtained in this case is investigated. The critical Rayleigh number obtained is much higher
than the one leading to the maximum separation. Experiments performed with a solution of CuSO4 give
results which are almost in good agreement with the analytical and the numerical results.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Thermogravitational diffusion is the combination of two phe-
nomena: convection and thermodiffusion. The coupling of these
two phenomena leads to species separation. In 1938, Clusius and
Dickel [1] successfully carried out the separation of gas mixtures
in a vertical cavity heated from the side (thermogravitational col-
umn, TGC). During the following years, two fundamental theoreti-
cal and experimental works on species separation in binary
mixtures by thermogravitation were published. Furry et al. [2]
(FJO theory) developed the theory of thermodiffusion to interpret
the experimental processes of isotope separation. Subsequently,
many works appeared, aimed at justifying the assumptions or
extending the results of the theory of FJO to the case of binary liq-
uids [3]. Other works were related to the improvement of the
experimental devices to increase separation. Lorenz and Emery
[4] proposed the introduction of a porous medium into the cavity.
Platten et al. [5] used an inclined cavity, heated from the top, to in-
crease separation. Elhajjar et al. [6] used a horizontal cavity heated
from above with temperature gradients imposed on the horizontal
walls to improve the separation process with the use of two control
parameters. Bennacer et al. [7] suggested splitting the column into
three sub-domains in order to increase the separation. The theory

developed by Furry et al. [2] for the separation of isotopes in ver-
tical columns differentially heated on the two vertical walls,
showed that there is a maximum of separation for an optimal value
of the cell thickness. However, in practice, this thickness is of the
order of a fraction of mm which significantly reduces the amount
of separated species. If we use cells of larger thickness, the separa-
tion decreases since the velocity of flow becomes very high in com-
parison with the velocity leading to the maximum separation. One
way to decrease the velocity and to increase the separation is to tilt
the cell by a given angle from the vertical. In this case, the horizon-
tal component of the temperature gradient decreases, which de-
creases the buoyancy force and the velocity of the flow. The
tilted cell has already been used by De Groot [3] in the case of bulk
fluid but for different forms of the cells.

In this work, an analytical and numerical study of the separa-
tion in a porous cell filled with a binary mixture is performed for
different inclinations from the vertical axis. Two configurations
are considered: cell heated from the top or from the bottom. A lin-
ear stability analysis of the unicellular flow leading to separation is
presented. Some experiments are also performed in order to cor-
roborate the theoretical and the numerical results.

2. Mathematical formulation

In binary fluid mixtures subjected to temperature gradients, the
thermodiffusion effect induces a mass fraction gradient. In the
expression of the mass flux, J

!
, of one of the components, in addi-

tion to the usual isothermal contribution given by the Fick law,

0017-9310/$ - see front matter � 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijheatmasstransfer.2010.06.008

* Corresponding author at: Université de Toulouse, INPT, UPS, IMFT (Institut de
Mécanique des Fluides de Toulouse), Allée Camille Soula, F-31400 Toulouse, France.
Tel.: +33 561556793; fax: +33 561558326.

E-mail address: mojtabi@imft.fr (A. Mojtabi).

International Journal of Heat and Mass Transfer 53 (2010) 4844–4851

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.06.008
mailto:mojtabi@imft.fr
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.06.008
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


there is an additional contribution proportional to the temperature
gradient

J
!
¼ �qD~rC � qCð1� CÞDT

~rT

where D is the mass diffusion coefficient, DT the thermodiffusion
coefficient, q the density, and C the mass fraction of the denser
component.

We consider a rectangular cell of aspect ratio A = L/e where L is
the length of the cell along the axis~ez and e is its width along the
axis ~ex. The cavity is filled with a porous medium saturated with
viscous binary liquid with density q and dynamic viscosity l.
The Soret effect is taken into account.

The cavity is inclined at an angle a from the vertical. The gravity
vector is ~g ¼ �g~k where ~k ¼ � sinðaÞ~ex þ cosðaÞ~ez (Fig. 1). The
impermeable walls (x = 0, x = e) are kept at different and constant
temperatures T1 for x = 0 and T2 for x = e, with T1 < T2. The walls
(z = 0, z = L) are impermeable and insulated. All the boundaries
are assumed rigid.

We assume that Darcy’s law and the Boussinesq approximation
are valid, and that the fluid and the solid phases are in local ther-
mal equilibrium. Dufour effect is neglected as has been done by
many authors (see for example [8]) because of its minor influence
in liquid mixtures. We set all the properties of the binary fluid con-
stant except the density q in the buoyancy term, which depends
linearly on the local temperature and the mass fraction:

q ¼ q0½1� bTðT � T0Þ � bCðC � C0Þ� ð1Þ

Where bT and bC are the coefficients of thermal and solutal expan-
sion, q0 the fluid mixture reference density at temperature T0 and
mass fraction C0.

Subject to these constraints, the governing conservation equa-
tions for mass, momentum, energy and chemical species are:

~r:V
!
¼ 0

~rP ¼ q~g � l
K V
!

ðqcÞ� @T
@t þ ðqcÞf V

!
:~rT ¼ ~r:ðk�~rTÞ

e� @C
@t þ V

!
:~rC ¼ ~r: D�~rC þ Cð1� CÞD�T~rT

h i

8>>>>>>><
>>>>>>>:

ð2Þ

We assume that there is little variation in the term C(1 � C) of the
equation of conservation of species, so we can replace it by
C0(1 � C0), where C0 is the initial mass fraction. The variables are
non-dimensionalized with: e for the length, a*/e for the velocity,
(re2)/a* for the time, (la*)/K for the pressure (with r = (qc)*/(qc)f,
where (qc)* is the effective volumetric heat capacity of the porous
medium, and a* the effective thermal diffusivity of the porous med-
ium), DT = T2 � T1 for temperature (Tnd = (T � T1)/DT) and DC ¼
DTC0ð1� C0ÞD�T=D� for the mass fraction (Cnd = (C � C0)/DC), where
D�T , D* are the thermodiffusion and the mass diffusion coefficients
of the denser component of mass fraction C.

Thus the dimensionless governing conservation equations for
mass, momentum, energy and chemical species are:

Nomenclature

A aspect ratio of the cavity
a* thermal diffusivity of the mixture a* = k*/(qc)f

C mass fraction of the denser component of the mixture
Ci initial mass fraction of the denser component of the

mixture
D* mass diffusion coefficient (m2 s�1)
D�T thermodiffusion coefficient (m2 s�1 K�1)
e length of the cavity along the axis ~ex (m)
k wave number
K permeability of the porous medium (m2)
L length of the cavity along the axis ~ez (m)
Le Lewis number Le = a*/D*
m gradient of mass fraction along the z-axis
P pressure of fluid (Pa)
Ra thermal filtration Rayleigh number Ra = [KegbTDT(qc)f]/

(k*m)
Rac critical Rayleigh number associated with transition from

equilibrium solution to unicellular flow
S separation
T temperature (K)
t non-dimensional time
V
!

velocity of the flow (m s�1)

u, v velocity components (m s�1)

Greek symbols
bT thermal expansion coefficient (K�1)
bC solutal expansion coefficient
e* porosity of porous medium
e normalized porosity
w separation ratio w ¼ �ðbC=bTÞðD�T=D�ÞC0ð1� C0Þ
r temporal amplification of perturbation
k* effective thermal conductivity of the porous medium-

mixture system (W m�1 K�1)
(qc)f volumetric heat capacity of the mixture (J m�3 K�1)
(qc)* effective volumetric heat capacity of porous medium-

mixture system (J m�3 K�1)
m kinematics viscosity of mixture (m2 s�1)

Superscripts and subscripts
nd non-dimensional
0 initial value
* equivalent thermophysical properties of the porous

medium
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Fig. 1. Geometrical configuration of the inclined cell.
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