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a b s t r a c t

This paper presents a numerical inverse analysis to estimate the thermal conductivity, the heat transfer
coefficient, and the heat flux in three dimensional irregular bodies in steady state heat conduction
problems. In this study, a 3-D elliptic grid generation technique is used to mesh the irregular body. The 3-
D Laplace equation is solved in the computational domain to compute the temperature at any grid point
in the meshed body. A novel and very efficient sensitivity analysis scheme is introduced to compute the
sensitivity coefficients in gradient based optimization method. Using this sensitivity analysis scheme, one
can solve the inverse problem without need to the solution of adjoint equation. The main advantages of
the sensitivity analysis scheme are its simplicity, accuracy, and independency of the number of the direct
problem solution from the number of the unknown variables which makes the numerical inverse
analysis presented here very accurate and efficient. The conjugate gradient method (CGM) is used to
minimize the objective function which is the difference between the computed temperature on part of
the boundary and the measured temperature. The obtained results confirm that the proposed algorithm
is very accurate, robust, and efficient.

© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction

Over the past decades, the inverse analysis has been used in the
heat transfer field for the determination of unknown quantifies
such as heat flux, thermal conductivity, and heat transfer coeffi-
cient. In direct heat transfer problem, the boundary conditions, the
thermo-physical properties, the geometrical configuration, and the
heat flux are known and the heat transfer problemmay be solved to
determine the temperature distribution in the conducting body. In
contrast, the inverse heat transfer problem (IHTP) is concerned
with the determination of the boundary conditions, the thermo-
physical properties, the geometrical configuration, and the heat
flux from the knowledge of the temperature distributionwithin the
conducting body. Mathematically, the inverse heat transfer prob-
lems are ill-posed. Ill-posed problems are inherently unstable and
very sensitive to the inaccuracy in input data. Therefore, develop-
ment of new computational schemes is necessary to overcome the
numerical ill-posedness [1].

Inverse analysis has been used in the determination of thermo-
physical properties such as the thermal conductivity and the heat
transfer coefficient [2e14], the estimation of heat flux [15e20], and
the estimation of the boundary shapes of bodies [21e25], to name a
few. The 3-D inverse heat conduction problems have been treated
much less than the 2-D problems due to the complexity of the
problem and the high computational cost. As will be shown,
however, using the 3-D numerical algorithm presented in this
study, the unknown quantities may be estimated accurately in an
integrated numerical framework. The two dimensional case using
the same numerical procedure is successfully studied [26]. The
objective of this study is to estimate the thermal conductivity, the
heat transfer coefficient, and the heat flux in a 3-D irregular body
both separately and simultaneously. In the proposed numerical
algorithm, a 3-D elliptic grid generation technique is used to
generate a mesh over the irregular body and solve for the heat
conduction equation. The elliptic grid generation technique and the
steady heat conduction equation both satisfy Laplace equation and
therefore much of the effort put into programming the relations
required to generate the grid over the physical domain can be
reused to solve the heat transfer problem. The minimization of the
objective function is performed using the conjugate gradient
method which is a gradient based optimization method. A novel
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and very efficient sensitivity analysis scheme is introduced to solve
the sensitivity problem without requiring to solve the adjoint
problem. An explicit expression for the sensitivity coefficients is
derived which enables us to compute the sensitivity coefficients in
one single solve. The finite difference method is used to approxi-
mate the derivatives in the computational domain.

The three dimensional numerical algorithm presented in this
study is sufficiently general by which we can determine the ther-
mal conductivity, the heat transfer coefficient, and the heat flux
applied on part of the boundary of a general three-dimensional
region as long as the general three dimensional region can be
mapped onto a regular (cuboid) computational domain. The
method can be applied to any three dimensional body which can be
meshed by the body-fitted grid generation technique (based on
both PDE and algebraic methods).

2. Governing equation

The mathematical representation of the steady state heat con-
duction problem of interest here can be expressed as below (see
Fig. 1)

V2T ¼ 0 in physical domain U (1)

subject to the boundary conditions

vT
vn

¼ _q
kT

on boundary surface G5 (2)

vT
vn

¼ �hi
kT

ðTGi � T∞i Þ on boundary surface Gi; i ¼ 1;2;3;4;6

(3)

Nomenclature

d(k) direction of descent at iteration k
_q heat flux ðW=m2Þ
h heat transfer coefficient ðW=m2 +CÞ
Ja Jacobian matrix
J Jacobian of transformation
J objective function
kT thermal conductivity of the solid body ðW=m +CÞ
n outward drawn unit vector
T temperature (+C)
Tm measured outer surface temperature (+C)
T∞ ambient temperature (+C)
x,y,z Cartesian coordinates in the physical domain

Greek symbols
b(k) search step size at iteration k

G boundary
g(k) conjugation coefficient at iteration k
U domain
x, h, z Cartesian coordinates in the computational domain

Subscripts
i grid index in x-direction
j grid index in h-direction
k grid index in z-direction
M number of grid points in the x-direction
N number of grid points in the h-direction
L number of grid points in the z-direction

Superscript
k iteration number

Fig. 1. Arbitrarily shaped heat-conducting body (physical domain) under specified boundary conditions (a). The 3D body is subjected to convective heat transfer on surfaces Gi, i ¼ 1,
2, 3, 4, 6 and heat flux _q on surface G5. The thermal conductivity of the body is kT. Computational domain corresponding to the physical domain (b).
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