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HIGHLIGHTS

» We propose two procedures to build wind speed models based on stochastic differential equations.
» The starting point of both procedures is a SDE defining an Ornstein-Uhlenbeck process.

» Proposed models show statistical properties similar to available wind speed measures.

» Proposed models can generate wind speed trajectories ranging from few minutes to several hours.
» Developed models can be coupled with wind generator models for power system dynamic studies.

ARTICLE INFO ABSTRACT

Article history:

Received 24 April 2012

Received in revised form 8 October 2012
Accepted 24 October 2012

This paper proposes two general procedures to develop wind speed models based on stochastic differen-
tial equations. Models are intended to generate wind speed trajectories with statistical properties similar
to those observed in the wind speed historical data available for a particular location. The developed
models are parsimonious in the sense that they only use the information about the marginal distribution

and the autocorrelation observed in the wind speed data. Since these models are continuous, they can be
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used to simulate wind speed trajectories at different time scales. However, their ability to reproduce the
statistical properties of the wind speed is limited to a time frame of hours since diurnal and seasonal
effects are not considered. The developed models can be embedded into dynamic wind turbine models
to perform dynamic studies. Statistical properties of wind speed data from two real-world locations with
significantly different characteristics are used to test the developed models.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The power production of a wind power plant is affected by the
statistical characteristics of the wind speed at its location. Due to
the volatile and uncontrollable nature of this energy source, the
power output of wind generators is a fluctuating signal. As a con-
sequence, from the network perspective, wind power can be
viewed as a source of stochastic perturbations coming from the
generation side. These perturbations can affect the power quality
and they must be taken into account in power system dynamic
studies. The uncertainty in the power production of wind power
plants has also economic implications since this kind of generation
cannot be dispatched in a conventional way. To deal with these is-
sues, careful studies have to be performed in which the appropriate
representation of the wind variability represents a key modeling
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aspect. This paper is devoted to the development of mathematical
models able to reproduce the wind speed behavior.

The wind speed at a specific location is characterized by its sta-
tistical properties. Through the analysis of recorded historical data,
the marginal distribution of the wind speed can be estimated. Sev-
eral probability distributions have been proposed to describe the
wind speed behavior (e.g., [1-6]). From the studies reported in
the literature, it can be concluded that the type of probability dis-
tribution depends on the particular location. For long time scales,
the two-parameter Weibull distribution has shown a good fit to
the observed wind speed empirical distribution in many locations
around the world [2]. However, for wind speed fluctuations in time
scales shorter than 10 min, turbulent effects take place, and the
Weibull distribution is not considered a good fit [4,7].

Another characteristic observed from the wind speed data is
that wind speed is an autocorrelated (two-point time-correlated)
variable. The autocorrelation function of the wind speed is usually
characterized by an exponential decay in the range of hours.
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Outside this time frame, non-stationary phenomena related to
diurnal and seasonal effects can be observed [8-11].

Therefore, wind speed models have to reproduce the statistical
properties discussed above in order to provide reliable results in
wind power studies.

Wind speed models are of interests in dynamic studies and con-
trol of wind turbines (e.g., [12-16]), in generating capacity reliabil-
ity evaluation (e.g., [17-19]), and in power system economics and
operation (e.g., [20-22]). Techniques used in these areas include
wind speed trajectories generation, wind speed forecasting, Monte
Carlo simulation and wind speed scenarios. These techniques can
accommodate different wind speed models. In this regard, refer-
ence [23] reports the state of the art of wind speed models used
in power system dynamic analysis, whereas [24] provides a biblio-
graphical survey on wind speed forecasting methods and models.
Reference [25] uses Monte Carlo simulations to compare the per-
formance of different wind speed models in the context of reliabil-
ity evaluation of power systems. Finally, a general methodology to
generate wind speed scenarios is proposed in [26].

Among the wind speed models used in different research fields,
discrete models used in time-series analysis are the most common.
These models are based on Box-Jenkins methods and include
Auto-Regressive (AR), Moving Average (MA), Auto-Regressive
Moving Average (ARMA), and Auto-Regressive Integrated Moving
Average (ARIMA) models. The ability of these models to reproduce
the statistical properties of the wind speed for a particular site de-
pends on the wind speed data available and on the time frame of
interest [24]. Other models include four-component composite
model [27], models based on filters and wind power spectral den-
sity [12], and Markov chain models [28]. Recently, wind speed fluc-
tuation models constructed from the solution of the stationary
Fokker-Plank equation have been proposed in [29].

In this paper, two continuous wind speed models based on sto-
chastic differential equations (SDEs) are developed. The starting
point of the development of both models is a SDE defining an Orn-
stein-Uhlenbeck process. This process can be considered as the
continuous-time equivalent of the discrete-time AR process of or-
der one, AR (1), [30]. The developed models are intended to gener-
ate wind speed trajectories with similar statistical properties to
those observed in the wind speed data available at a particular
location. The developed models take into account the marginal dis-
tribution and the autocorrelation function of the wind speed. To
illustrate the proposed procedures, the two-parameter Weibull
distribution is used in the development of the models. However,
it is important to note that the proposed methodology is not lim-
ited to the Weibull distribution and other probability distributions
can be used.

Therefore, the developed models provide autocorrelated Wei-
bull distributed wind speed trajectories. As they are continuous
models, they can in principle be used to generate wind speed tra-
jectories at any time scale. However, since the models strive to
reproduce the observed exponential autocorrelation feature, their
ability to reproduce the wind speed behavior is expected to be
acceptable only in the time frame where the wind speed remains
exponentially autocorrelated, typically for a few hours. Further-
more, the developed models can be used to perform short term dy-
namic studies. In these studies, the inclusion of autocorrelations
into wind speed trajectories is critical.

For simulation purposes, each developed model can be used as
an independent “block” that generates wind speed trajectories. An-
other possibility in the context of dynamic simulations is to merge
the equations of the wind speed model within the differential
equations of the wind generator.

The remainder of the paper is organized as follows. Section 2
briefly introduces SDEs and provides the main theoretical methods
used for developing the wind speed models. Section 3 describes the

developed models and their properties. Section 4 discusses the
generation of wind speed trajectories and illustrates their statisti-
cal properties through numerical simulations. Finally, Section 5
provides relevant conclusions.

2. Brief outline on stochastic differential equations and
stochastic calculus

Stochastic differential equations (SDEs) are widely used to mod-
el stochastic phenomena in several fields of science, engineering
and finance (see, for example, [31,32]). This section defines SDEs
and provides the relevant stochastic calculus background that will
be used to build our wind models. The interested reader can find
theoretical background on SDEs and stochastic calculus in [33-37].

2.1. Definition of stochastic differential equations

A one-dimensional stochastic differential equation has the gen-
eral form

dy(t) = aly(t),fjdt + bly(t), t]dW/(t),
¥(0) =yo.

te[0,T], )

where a[y(t),t] and b[y(t),t] are the drift and the diffusion terms of
the SDE, respectively, and W(t) represents a standard Wiener pro-
cess. This kind of equation can be viewed as an ordinary differential
equation where an additional term is included to model the sto-
chastic dynamical behavior related to variable y(t). The standard
Wiener process (W(t),t € [0,+cc)) is a non-stationary diffusion pro-
cess with the following characteristics [34]:

e W(0) = 0, with probability 1.

e The function t — W(t) is almost surely continuous.

e For 0 < t; <t < T, the random variable defined by the incre-
ments AW; = W(t;.1) — W(t;) is Gaussian distributed with mean
zero and variance h =t — t;, i.e.,, AW; ~ N(0, h).

e For 0 <t;<tu <tuo<T, the non-overlapping increments
AW; = W(ti) - W(t)  and  AWiq = W(ti2) — W(ti1)  are
independent.

Therefore, a standard Wiener process describes a continuous
Gaussian process whose sample paths (increments) are of un-
bounded variation [36]. Another characteristic of the Wiener pro-
cess is that W(t) is nowhere differentiable. Therefore, despite the
fact that the differential formulation is widely used in the litera-
ture (and it will be used throughout this paper), in a strictly math-
ematical sense Eq. (1) is not fully correct. Actually, the only correct
formulation for (1) is its equivalent integral form

y(t):y(0)+/0. a[y(s),s]dsf/o) bly(s),s]dW(s), te€]0,T], 2)

where the first integral is an ordinary Riemann-Stieltjes integral
and the second one is a stochastic integral. Due to the unbounded
variation of the sample paths of the Wiener process, stochastic inte-
grals cannot be interpreted as Riemann-Stieltjes integrals. In this
regard, there are mainly two different interpretations of stochastic
integrals: the It6’s and the Stratonovich’s approaches. In order to
exploit the advantages of the Itd’s calculus, in this paper stochastic
integrals will be interpreted in the Itd’s sense.

In the general case, SDEs have to be solved numerically. Numer-
ical methods for SDE can show two types of convergence: strong
and weak. Strong convergence refers to the goodness of the
approximation when the focus is on the process trajectories them-
selves. On the other hand, weak convergence refers to the goodness
of the approximation of the moments of the solutions to the
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