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h i g h l i g h t s

" We formulate the optimal operation scheduling of a pumping station with multiple pumps as a dynamic programming problem.
" The extended reduced dynamic programming algorithm (RDPA) is proposed to solve the optimization problem.
" The extended RDPA reduces the admissible domain of the possible state values at each stage and that of the possible state transfer routes.
" The optimal scheduling strategy reduces the operational cost.
" The extended RDPA performs much more time efficient than the conventional DP algorithms.
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a b s t r a c t

The optimal operation scheduling of a pumping station with multiple pumps is formulated as a dynamic
programming problem. Based on the characteristics of the problem, an extended reduced dynamic pro-
gramming algorithm (RDPA) is proposed to solve the problem. Both the energy cost and the maintenance
cost are considered in the performance function of the optimization problem. The extended RDPA can sig-
nificantly reduce the computational time when it is compared to conventional DP algorithms. Simulation
shows the feasibility of the reduction of the operation cost.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The operation of a pumping station is very important in achiev-
ing the tasks of the station. The main task is to maintain a suitable
water volume in the reservoir and supply the demands. Another
important task is to reduce the operation cost. With the operation
scheduling optimized, remarkable reduction of the operation cost
could be achieved while no change is needed with the physical ele-
ments, such as pumps and civil infrastructures [1].

The operation scheduling problem of a pumping station can be
formulated as a cost optimization problem, of which the objective
is to minimized the operation cost while the state constraints are
satisfied. For a reservoir, the water volume/water level should be
kept within a range to satisfy the security and operation
requirements.

There are mainly two classes of operation costs for a pumping
station. One is the energy cost, and the other is the maintenance
cost. The maintenance cost, related to the wear of the rotating
equipments, is difficult to be quantified. However it is true that

the maintenance cost increases when the number of pump
switches increases. A simple assumption is that the maintenance
cost is proportional to the number of pump switches. Here a pump
switch refers to ‘‘turning on a pump that was not operating in the
previous period’’ [1].

Energy cost is the main part of the operation cost. When phys-
ical elements are not changed, the energy cost is related to the en-
ergy consumption and the energy pricing structure. The energy
consumption is proportional to the pump power and the opera-
tional time length. With the time of use (ToU) electricity pricing
structure implemented, the operation scheduling has a heavy
influence on the energy cost if there is room for the scheduling
of the pump operation. Such kind of load shifting has been studied
for various systems, such as in [2] for steel plants and in [3] for a
deep-mine water reticulation system.

The problem on the optimal operation scheduling of a pumping
station has been studied in many papers in recent years. The prob-
lem for a pumping station with fixed-speed motored pumps is
intrinsically an integer programming problem (linear or nonlin-
ear), depending on the mathematical models of the hydraulic
structures, networks, etc. For such a kind of integer programming
problems, various techniques have been employed in load shifting
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for different processes. The linear programming is employed in [4]
for a wind/hydro hybrid water supply system while the dynamic
programming (DP) in [5–7] for a water supply system and a pump
station. The stochastic DP is considered in [8] for a water supply
system with the water demand modeled as a Markov process.
The binary integer programming (BIP) is used in [9] for the opera-
tion scheduling of a colliery. The above methods can theoretically
solve the optimal operation scheduling problems, but they are lim-
ited in practice when the underlying model is large or complex be-
cause of curse of dimensionality of the DP or interminable branch and
bound of the integer programming.

To search the global optimal solution to a programming
problem, some modern optimization methods, such as genetic
algorithm [10–13], simulated annealing [14,15], particle swarm
optimization [16], ant colony optimization [17] and fuzzy opti-
mization [18], are adopted. Those approaches improve the pos-
sibility of obtaining the global optimization solution while the
computational time is sometimes very long and the algorithms
are sometimes too complex, which again limits their
application.

In [19], a reduced dynamic programming algorithm is devel-
oped to address the optimal operation scheduling problem with
the capability of fast computation. The scheduling problem is
reformulated as a control sequence optimal scheduling problem.
This algorithm is a cost-efficient scheduling approach for the pump
operation.

The optimal operation scheduling in [19], is studied for a pump-
ing station with only one pump. The admitted domain of the con-
trol variable is {0,1}. When more pumps’ operation is required to
be optimized, the method in [19] could not be directly employed.
The optimal operation scheduling of a pumping station with multi-
ple pumps are considered in this paper. The approach of RDPA is
re-investigated and extended to implement in a pumping station
with multiple pumps. The problem studied here for a pumping sta-
tion with multiple pumps is different from the one in [19] in the
following aspects.

(1) The domain of the control variable is larger (the domain is
{0,1, . . . , Np}, where Np is the number of pumps).

(2) The number of possible values for the water volume at the
sth stage is larger. For one pump, the number is s + 1 while
for multiple pumps, it is s � Np + 1.

(3) The number of possible routes from the (s � 1)th stage to the
sth stage is larger, too. For one pump, the number is at most
two while for multiple pumps, it can be as large as Np + 1.

(4) The maintenance cost is considered in the operation cost.

Compared with the conventional DP algorithm, the nature of
fast computation of the extended RDPA is owing to two aspects.
One is that the number of possible values at stage s is reduced from
s � Np + 1 with RDPA to ku

s � kl
s þ 1, which is much less than

s � Np + 1 when s is large. The other is that the number of state
transfer routes and the comparison of the cost function at stage
(s + 1) are significantly reduced to less than (sNp + 1)(Np + 1) from
(sNp + 1)((s � 1)Np + 1) with a conventional DP algorithm.

Simulation shows the feasibility of extended RDPA in the reduc-
tions of the energy cost and the number of pump switches. Both
the penalty on a pump switch and the time step of the scheduling
in extended RDPA have influences on the number of pump
switches.

The main contributions of this paper are: (1) The optimal oper-
ation scheduling of a pumping station with multiple pumps is for-
mulated as a dynamic programming problem; (2) The maintenance
cost can be explicitly considered in the cost function; (3) The RDPA
in [19] is extended to solve the problem of a pumping station with
multiple pumps.

The structure of this paper is: in Section 2, the optimal opera-
tion scheduling problem of a pumping station with multiple
pumps is formulated under the ToU electricity tariff structure, fol-
lowed by the extension of the RDPA in Section 3. Simulation of the
extended RDPA for a pumping station with three pumps is given in
Section 4. Some conclusions are give in Section 5.

2. Problem formulation

A typical reservoir with a pumping station is shown in Fig. 1.
There are several pumps in the station. Generally, the pumps are
identical, including the outflow capacity and the corresponding
power. The pump’s outflow capacity and the power are denoted
as b and Pm, respectively.

The water volume in the reservoir is v(t), which satisfies the fol-
lowing equation,

_vðtÞ ¼ a� b
XNp

i¼1

uiðtÞ; ð1Þ

where a is the inflow rate and ui(t) is the ith pump state in the sta-
tion, which can be either one for the pump being on or zero for the
pump being off. Then the sum

PNp

i¼1uiðtÞ is an integer denoting the
number of pumps being ‘on’ in the station at time t.

The electricity price structure is as follows,

PeðtÞ ¼ CðpÞ; t 2 ½Tp
e ; T

pþ1
e �; p ¼ 1; . . . ; P

where P is the number of the time intervals within the time period
[t0, tf] and in each of the intervals the electricity price is constant.

The ToU electricity rate can differ by time of day, day of week
and season. A typical ToU electricity pricing structure is shown in
Fig. 2, which shows the rate by time of a week with off-peak,
mid-peak and on-peak intervals given in Table 1.

Generally, an optimal operation scheduling problem of the
pumping station is: to find, a control sequence fUðkÞg
ðUðkÞ ¼ ½u1ðkÞ;u2ðkÞ; . . . ;uNp ðkÞ�

TÞ and the corresponding switching
time sequence {t(k)} such that the energy cost within the time per-
iod [t0, tf] is minimized with the water volume constraints
v(t) 2 [vl,vu] satisfied. Here ui(k) is either zero or one within the
time interval [t(k), t(k + 1)].

Such a problem is reformulated in [20] as a control sequence
optimization problem when the time sequence {t(k)} is given.
Especially, when t(k) = t0 + k � Tsampling, k = 0, . . . , K where Tsampling

is the sampling time period and constant, the problem is intrinsi-
cally a BIP problem.

Within the framework of the dynamic programming problem
studied here, a given time period [t0, tf], for example, the period
of the ToU pricing, could be scheduled into S subintervals accord-
ing to the ToU electricity pricing structure and the sampling time
period Tsampling. Within each time subinterval, the time length of
the subinterval is Tsampling and the electricity price is constant.

Fig. 1. A typical reservoir with a pumping station.
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