
Nonlinear heat diffusion simulation using Volterra series expansion

Jean-Luc Battaglia a,*, Asma Maachou b, Rachid Malti b, Pierre Melchior b

aUniversity of Bordeaux, Laboratory I2M, UMR CNRS 5295, Talence Cedex, France
bUniversity of Bordeaux, Laboratory IMS, UMR CNRS 5218, France

a r t i c l e i n f o

Article history:
Received 23 July 2012
Received in revised form
18 February 2013
Accepted 24 March 2013
Available online 26 April 2013

Keywords:
Nonlinear heat diffusion
Volterra series

a b s t r a c t

A method for solving a nonlinear heat diffusion problem based on the use of the Volterra series is
presented. Application in a practical configuration shows that the method comes to solve a linear
problem at time t with a source term that depends on solutions calculated at previous instants. Un-
knowns of this linear problem are the generalized transfer functions Hk(p1,.pk), k ¼ 1,2,., that are the
kth order Laplace transforms L ðkÞ of the Volterra kernels hk(t). The method allows splitting naturally the
solution as a linear contribution and a nonlinear one. Interest of such a method stands on the fact that a
very small number of kernels is required to simulate accurately the nonlinear contribution (in practice 1
or 2). Furthermore, it is demonstrated that the Volterra method can be used efficiently to find the
expression of a single simplified kernel that simulates well the entire nonlinear contribution.

� 2013 Elsevier Masson SAS. All rights reserved.

1. Introduction

This study aims at presenting the Volterra series as a mathe-
matical tool to solve nonlinear heat transfer problems. Although
there is no restriction concerning the heat transfer mode, the
present paper focuses on heat transfer by diffusion. The non-
linearity is due to the temperature dependence of thermal con-
ductivity and specific heat per unit volume.

The Italian mathematician Vito Volterra first introduced the
notion of what is now known as a Volterra series in his “Theory of
Functionals” (see Refs. [1] and [2] for the mathematical aspects and
[9] for a more accessible presentation for the physicist). A nice
application to nonlinear acoustics has been presented rather
recently in Ref. [3]. Such application highlights the efficacy of the
method in terms of parametric parsimony to simulate separately
either the linear or the nonlinear system behaviors. Consequently,
this method allows calculating accurately the nonlinear
contribution.

Let us illustrate the concept considering amonovariable thermal
system, with a heat flux 4(t) as system input and a temperature T(t)
at one point inside the system as system output. If the system be-
haves as a linear causal one with memory, we know that the
temperature at time t ¼ nDt depends on the contribution at time t
and at previous instants until t¼ 0. Therefore, the output of a linear

dynamical system is expressed as the sum of weighted contribu-
tions of the past effects:

TðnDtÞ ¼
Xn
i¼0

h1ðiDtÞ4ððn� iÞDtÞDt (1)

Considering that Dt / 0 comes to replace the previous discrete
expression as a continuous-time one. The classical convolution is
hence obtained:

TðtÞ ¼ h1ðtÞ+4ðtÞ ¼
Zt
0

h1ðsÞ4ðt � sÞds (2)

where h1(t) denotes the impulse response of the linear system, that
is the response to the heat flux generated as a Dirac function:
4(t) ¼ d(t). This is at the basis of the classical Duhamel theorem
presented in Ref. [4].

If the system behaves non-linearly around t ¼ ti, the tempera-
ture and the heat flux can be locally related using a series expansion
such as:

TðtiÞ ¼ gi14ðtiÞ þ gi24ðtiÞ2 þ. ¼
XN
j¼1

gij½4ðtiÞ�j (3)

In this relation, parameters gi
j of the polynomial are obtained at

the time instant ti. As represented in Fig. 1, the relation (3) comes to
fit the nonlinear function T(ti) at time ti using enough terms in the
series. The main idea of Volterra was to introduce the memory
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effect in this series expansion which leads to express T(t) by
weighted past values of 4(t) when t starts at the initial time as:

TðtÞ ¼
ZN
0

h1ðsÞ4ðt � sÞds

þ
ZN
0

ZN
0

h2ðs1; s2Þ4ðt � s1Þ4ðt � s2Þds1ds2 þ.

¼
XN
j¼1

ZN
0

.

ZN
0

hj
�
s1;.; sj

� Yj
i¼1

4ðt � siÞdsi (4)

This result can be represented as an infinite sum of
contributions:

TðtÞ ¼
XN
j¼1

TjðtÞ ¼ T1ðtÞ þ T2ðtÞ þ.þ TjðtÞ þ. (5)

with:

TjðtÞ ¼
ZN
0

.

ZN
0

hj
�
s1;.; sj

� Yj
i¼1

4ðt � siÞdsi (6)

where hj(s1,.,sj) is called the jth order Volterra kernel. Consid-
ering j ¼ 1 comes to the linear contribution expressed initially in
(2) which means that the first order kernel is related only to the
linear contribution. However, since this approach is based on the
local approximation (3), the Volterra method remains theoreti-
cally efficient for weak non-linearities. This limitation must be
understood as the respective contributions of the linear (n ¼ 1)
and nonlinear (n ¼ 2,.,N) terms in the sum (5). In other words,
the linear contribution must remain dominant in the system
output.

The jth order Laplace transform L ðjÞ of the kernel hj(t1,.,tj) is:

Hj

�
p1;.; pj

�
¼
ZN
0

.

ZN
0

hj
�
s1;.; sj

�
e�p1s1�.�pjsjds1.dsj (7)

Usually, Hj(p1,.,pj) is called the jth generalized transfer func-
tion. Applying this transform to (6) yields (see the Appendix):

qj

�
p1;.; pj

�
¼ Hj

�
p1;.; pj

�Yj
i¼1

jðpiÞ (8)

where j(p) is the L ð1Þ Laplace Transform of 4(t). It is therefore
possible to express Tj(t) as the jth order inverse Laplace transform of
qj(p1,.,pj) as:

TjðtÞ ¼ L ðjÞ�1
h
qj

�
p1;.;pj

�i
¼ 1

ð2ipÞn
ZcþiN

c�iN

.

ZcþiN

c�iN

qj

�
p1;.;pj

�
ep1t.epjtdp1.dpj

(9)

where c is a real number chosen within the convergence domain of
qj(p1,.,pj). In this paper, the L ðkÞ�1

inverse Laplace transform is
calculated using the Gaver-Stehfest numerical algorithm described
in Refs. [7]; however, other techniques are available as proposed in
Ref. [8].

From a mathematical point of view, the convergence of the
series (5) holds for inputs 4(t) such that 4(t) < 40 where 40 is
viewed as a convergence radius that is determined from the
characteristic function (3) where gj ¼

R
Rnhjðs1;.; sjÞds1.dsj [6].

However, we will not study the convergence of the Volterra
series in this paper since, as presented in the following, very
low-order truncations of the series will yield to good
approximations.

2. Application to the non-linear heat diffusion

2.1. From 1D heat equation to Volterra kernels

Consider a semi-infinite medium of which the surface is sub-
mitted to a time dependent uniform heat flux 4(t). The specific heat
per unit volume and the thermal conductivity are assumed to vary
linearly with the temperature T(t) as:

rCpðTÞ ¼ C0 þ C1T (10)

kðTÞ ¼ k0 þ k1T (11)

where C0, C1, k0 and k1 are constant and T is in �C. The one-
dimensional heat transfer model in the medium is mathemati-
cally described by the following partial differential equation:

rCpðTðx; tÞÞ vTðx;tÞ
vt

¼ v

vx

�
kðTðx; tÞÞ vTðx;tÞ

vx

�
; 0< x<N; t>0

(12)

with associated boundary conditions:

�kðTðx; tÞÞ vTðx; tÞ
vx

¼ 4ðtÞ; x ¼ 0; t > 0 (13)

Tðx; tÞ ¼ 0; x/N; t > 0 (14)

and the initial condition:

Tðx; tÞ ¼ 0; 0 � x < N; t ¼ 0 (15)

Using the expression of k(T) and r Cp(T) in (10 and 11), replacing
T(x,t) in (12) with the series given by (5) and identifying each order
yield:

Fig. 1. Approaching the temperature T(t) from a series expansion of the heat flux 4(t)
at t ¼ ti.
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