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ABSTRACT

We propose a scaling rule for the flow mobility prediction of a power-law fluid in unidirectional fibrous
porous media by separating rheological contribution from geometrical factor. Starting from the analogy to a
simple circular pipe flow, we find mobility dependence on pressure drop with the help of lubrication theory
for flows of a power-law fluid through arrays of square and hexagonal packing cylinders. There appears a
nearly unique intersection point independent of rheological parameters in the mobility and pressure drop
space, once scaled with the consistency index, and the intersection point coordinate is expressed by rheolog-
ical and geometrical factors separately. Further simplification is achieved by approximating the rheological
contribution by a constant that scales linearly with the consistency index. The proposed mobility estimation
scheme facilitates a simple but reasonably accurate estimation and it has been verified by extensive numerical
simulations for various pressure drops, rheological parameters, porosities and fibrous porous architectures.

Lubrication approximation

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Flows of rheologically complex fluids in porous media are of
great interest in a large variety of industries such as chemically
enhanced oil recovery, reactions in fluidized and fixed beds, coating
of textile, paper and fibrous mats, filtration in various fields, and
more interestingly in thermoplastic composites manufacturing with
fibrous porous fibers as the reinforcement [1-6]. In such processes,
rheologically complex fluids are often involved with non-Newtonian
behaviors in various degrees, including shear-dependent viscos-
ity or fluid elasticity. One example is multifunctional composites
manufacturing with particle/epoxy or CNT/epoxy suspension in the
liquid composite molding process to improve thermal/electrical
conductivity or mechanical performance [7]. Not only the particle
suspensions, but also CNT/epoxy suspension, once well dispersed,
also shows shear-thinning behavior over a typical shear rate range of
the process. Elasticity may be negligible even for CNT/epoxy suspen-
sion in this process due to low shear rate in the process and relatively
high viscosity of the epoxy [8]. The permeability or mobility with a
non-Newtonian fluid is influenced by coupled effects of both fluid
rheology and porous architecture; hence a priori prediction of flow
rate through the porous media by a given pressure drop, which is
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particularly desirable in designing and optimizing the processes,
cannot be made explicitly in this case [9, 10]. In the present work,
we specifically focus on the power-law fluid only among others
to take the shear-thinning behavior into account. In this case, the
shear-dependent viscosity can be written as follows:

ny)=my"!, (1)

where the shear rate y = (2D : D)!/? is the second invariant of
the rate-of-deformation tensor 2D in a flow, the symbol m is the
consistency index and n denotes the power-law index.

For a Newtonian fluid, the Darcy’s equation is commonly em-
ployed to model slow flows thorough the porous media:

i=-—=F 2)

where i, n, K, Ap and L are the superficial velocity, the viscosity,
the permeability, the pressure drop and the dimension of a sample
in the flow direction. The permeability is a constant that measures
the fluid conductance in porous media and a characteristic property
of the porous medium with a Newtonian fluid. The one-dimensional
form in Eq. (2) can be naturally extended to multiple dimensions by
introducing the second-order permeability tensor. However, the per-
meability with a non-Newtonian (shear-thinning in this work) fluid
is no longer a constant and does not follow the tensor transformation
rule due to non-linearity in the shear-rate dependent viscosity. There
is an interplay between complex porous geometry and fluid rheology.
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To circumvent this complexity in the permeability, Bruscheke and Ad-
vani [11] introduced a concept of the mobility M, a ratio of the per-
meability to the viscosity, as a dumped parameter combining effects
of porous geometry and fluid rheology, and the Darcy’s law is then
written as
Ap
=3 3)

The mobility measures the amount of flow rate for a given pres-
sure difference. They also introduced a normalized mobility M’ for a
power-law fluid as a dimensionless form of the mobility

m

= Qe

The quantity Q denotes the flow rate and R is the fiber radius
in fibrous porous media. As the power-law index n approaches to
unity, the normalized mobility reduces to the normalized perme-
ability K/R? of a Newtonian fluid. The normalized mobility M’ can
be considered as a reasonable choice for the dimensionless mobility
measure, since it does not depend on the pressure drop Ap. (This
independence can be easily shown from Eq. (4) and the fact that
M scales with Ap(1=/" and Q scales with Ap!/".) However, the
normalized mobility M’ has little physical interpretation, since it
does not scale with the flow rate: i.e., the higher M’ does not mean
the higher Q. Moreover, it behaves significantly complicated such
that a priori estimation of M’ is not straightforward [12].

Flow in porous media of a Newtonian fluid has been investi-
gated extensively by experimental measurements [13-16] or theo-
retical predictions [17,18], and it has been relatively well understood.
Especially, some efforts have been made to develop concise mod-
els to predict the permeability of various arrangements of fibrous
structures, which have been verified to be successful in case of a
Newtonian fluid [19-21]. In contrast much less is known about non-
Newtonian fluid flows through porous media [2,3]. Bruschke and Ad-
vani [11] developed a close form solution analytically for the power-
law fluid flow through square and hexagonal arrangements for a wide
range of porosity and their analytical approximation has been veri-
fied by experiments of Sadiq et al. [22]. Lundstrom et al. [23] derived
an expression of the apparent permeability for the power-law fluid
flow perpendicular to unidirectional fibers and comparison of their
model with numerical simulations has been presented as well. Sim-
ilar researches have been performed by Spelt et al. [24,25] and Idris
et al. [26], which have been extended to anisotropic porous struc-
tures consisting of regular aligned elliptical cylinders [27-29]. Espe-
cially, Woods et al. [27] presented correlation between apparent per-
meability for a power-law fluid to the corresponding permeability for
a Newtonian fluid by introducing a simple scaling with the power-law
coefficient, the length scale and the velocity scale, though porous ar-
chitecture and fluid rheology have not been clearly separated in their
model. We remark that the power-law model, though not perfect for
excessive viscosity in very low shear regimes, has been successfully
applied to model the flow resistance or mobility of shear-thinning
fluid flows in porous media as was verified in literatures [3,4,22].

The objective of the present study is to propose a much simpler
but reasonably accurate method in predicting the mobility and its de-
pendence of the pressure drop of a power-law fluid in fibrous porous
media by separating the contribution of fluid rheology from that of
the porous architecture along with further approximation such that
the rheological factor is replaced by a constant with properly scaled
variables. From the analogy to a simple circular pipe flow, a closed
form expression of the mobility in terms of the pressure drop has
been derived using the lubrication theory for regular fiber packing
problems. Recognizing the presence of a nearly unique intersection
point in the scaled mobility and the pressure drop space, we pro-
pose a mobility estimation method based on the intersection point
location, which can be expressed explicitly in terms of rheological
and geometrical factors. The proposed mobility estimation has been

u=-M

M M. (4)

verified by extensive numerical simulations. The paper is organized
as follows: in Section 2.1, we describe the scaling concept for the mo-
bility using a simple pressure-driven pipe flow, which is composed of
(i) the intersection point in the scaled mobility-pressure drop space,
(ii) separation of rheological and geometrical factors in expressions
of the intersection point coordinate, and (iii) approximation of
rheological factors by a constant. In Section 2.2, we derive analytical
solutions for the mobility for a power-law fluid flow in unidirectional
fibrous media and then we apply the scaling concept to find the
closed form expression of geometrical and rheological factors along
with the approximation. In Section 3, we verify the proposed scaling
rule by comparison with extensive numerical simulations for square,
hexagonal and random packing fiber arrays.

2. Theoretical modeling
2.1. A scaling rule in a simple pressure-driven circular pipe flow

2.1.1. Observations on the mobility behavior

The idea of a scaling rule in this work for a power-law fluid
in porous media can be best introduced by a simple example of a
pressure-driven flow in a circular pipe. In this problem, the fully de-
veloped flow rate Q is expressed in terms of the radius R of the cir-
cular pipe and the pressure gradient dp/dx in the flow direction x as
follows:

TR3 dp R G
C=Tmy (dem) ' ©)

By taking the velocity u as the mean velocity over the cross sec-
tion, the flow mobility M can be obtained by an analogy with the
Darcy’s law of flows in porous media (Eq. 3):

1-n

R R\"(dp\ "
M‘(l/n+3)<ﬁ) (dx) ‘ (6)

The mobility of the power-law fluid converges to the Newtonian
limit (Myew: = R%/8m) as n approaches to the unity and it does not
depend on the pressure gradient any more in this case. For the power-
law index n less than the unity, the mobility M scales linearly with
the pressure gradient dp/dx in the log-log plot with the slope of
(1 —n)/n. Fig. 1(a) presents the mobility M in Eq. (6) as a function
of the pressure gradient with two different pipe radii R = 0.1 and 1
for three different power-law indices n = 0.3, 0.5 and 1 for two differ-
ent consistency indices m = 1 and 5. In the log-log mobility-pressure
drop space, the slope is completely determined by the power-law in-
dex and, for a given geometry R and a consistency index m, there ap-
pear a unique intersection point for various power-law indices.

In Fig. 1(b), the mobility coordinate has been scaled with the con-
sistency index m and the pressure gradient coordinate is scaled with
1/m; then the mobility dependence on the consistency index has dis-
appeared in the scaled coordinate. This means that mobility curves
for various rheological parameters (m and n) for a given geometry in-
tersect at a single point in the scaled M — dp/dx space in Fig. 1(b) and
the intersection point depends only on the geometrical variable R.
The corresponding pressure gradient to this intersection point may
be considered as a critical pressure gradient, since the mobility in-
creases with the amount of shear-thinning above the critical point
and thereby enhances the flow rate under a given pressure gradient,
and vice versa. We remark that all these observations are quite sim-
ilar to flow behaviors of a power-law fluid in 2D fiber beds and 3D
packed spheres reported by the authors’ previous works [12,30]. The
mobility curves for a given geometry (radius) intersecting at a unique
point in the scaled M — dp/dx space implies that, once the intersec-
tion point is known, the mobility dependence on the pressure drop
can be reproduced easily for any values of the pressure gradient, since
the slope of the mobility is completely determined by the power-law
indices (dp,/dx)(1-m/n,
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