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a b s t r a c t

This study concerns circumferentially cracked pipes repaired by composite materials subjected to an
axial tension. For this purpose, a cylindrical discrete-layer model with a simple and efficient approxima-
tion approach is proposed to implement parametric studies on properties of composite materials for
patch repair, patch thickness, adhesive shear modulus, adhesive thickness, and thickness of the pipes.
Elements of the cylindrical discrete-layer model have a subparametric concept that considers linear map-
ping of geometry fields on a cylindrical coordinate, and hierarchical approximating functions of displace-
ment fields. The approximating functions are based on one- and two-dimensional integrals of Legendre
polynomials, allowing accurate simulation of three-dimensional behavior. Also, a virtual crack closure
technique (VCCT) is formulated for the proposed elements to obtain the strain energy release rates
(SERR) of pipes with crack-like flaws. The easy-to-use modeling scheme is applied to single-patch
repaired pipes with crack. Convergence tests of the elements and sensitivity tests of the modified
VCCT are implemented and then some of the present analysis results are verified through comparison
with some reference values.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

For patch repair of structures with local damage or defects,
composite materials have been preferred due to high strength
and stiffness, light weight, and sometimes low cost. In the case
of numerical methods for the bonded repaired systems, many
researchers [1–4] have relied on the conventional finite element
method based on mesh refinement, utilizing hexahedral elements
for three-dimensional (3-D) modeling and shell elements for
two-dimensional (2-D) modeling. Although there is extensive
information on the stress analysis of bonded patch systems in
the literature [1–8], most of currently available analysis methods
and empirical databases are limited to flat plates. However, curved
thin-walled structures are widely used in engineering applications
such as aircraft wings, fuselages, and pipe piles of offshore struc-
tures. For the analysis of curved repairs, Sun and Tong [9] proposed
a curved adhesive element formulation combined with a serendip-
ity plate/shell element, and investigated the effect of curvature on
repair effectiveness. Recently, conventional solid elements were
applied to the analysis of corrosion-damaged steel pipe piles with

curved patches [10] and crack propagation analysis of repaired
pipes under cyclic pressure [11].

The conventional finite elements based on mesh refinement
would fail to predict smooth and accurate variations of stresses,
especially for laminated composite systems such as patch-
repaired problems with strong stress singularities. Even if a highly
refined mesh is used to model problems having significant stress
gradients, the accuracy of stresses obtained by using lower-order
finite elements is rather poor [12]. For 3-D models of the bonded
patch systems, especially, discretization of the extremely thin
adhesive layer with hexahedral elements with acceptable aspect
ratios led to models with unacceptably large numbers of elements.
This has motivated researchers to develop robust finite elements
with the ability to predict not only displacements but also stresses
accurately for a wide class of practical problems involving stress
singularities. One possibility for robust finite elements is to use
higher-order finite elements – this completely eliminates certain
types of locking which can lead to poor approximations in engi-
neering application [13].

The aim of the present study is to propose a cylindrical discrete-
layer model in order to efficiently simulate the 3-D behavior of
adhesively bonded patched pipes. For fracture analysis using the
proposed elements, strain energy release rates (SERR) are calcu-
lated by the virtual crack closure technique (VCCT) based on linear
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elastic fracture mechanics. Lastly, performance of the single-sided
patch repair scheme is investigated on patch material, patch thick-
ness, adhesive shear modulus, adhesive thickness, patch thickness
and pipe thickness.

2. Cylindrical discrete-layer model

2.1. Geometry fields

A linear mapping on a general Cartesian coordinate would not
be accurate enough for laminated cylindrical shells with curved
surfaces. To avoid geometrical sources of error, an exact mapping
of the curved surface is necessary because one of the sources of
efficiency in the present model is the use of as few elements as
possible. To describe cylindrical shapes such as pipes with simple
linear mapping, geometry fields of elements are defined by nodal
modes on cylindrical coordinate. The nodal modes are defined in
Section 2.2.

2.2. Displacement fields

For the in-plane variation of approximating functions on curved
surfaces, the 2-D hierarchical approximating functions for the
nodal, edge, and bubble modes in terms of standard coordinates
(n,g) are expressed. The nodal modes are the same as linear shape
functions defined over a standard square element bounded by
n = ±1 and g = ±1. Thus, the shape functions for p-level = 1 are

Vi ¼ AiðnÞ � AiðgÞ; i ¼ 1;2;3;4 ð1Þ

with AiðxÞ ¼ 1þ xix
2

ð2Þ

where xi denotes the local coordinates corresponding to the ith
mode. For higher p-levels, additional edge modes must be added
for each side and are defined as
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Here, the superscript i
_

¼ 1 in Eq. (3) represents the starting nodal
mode number of an edge of the standard element traversing in
the counterclockwise direction. For i > 1 the integral of the Legendre
polynomials is defined as
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In addition to above, for pP 4, 1
2 ðp� 2Þðp� 3Þ shape functions

corresponding to internal modes need to be added. These can be
defined as
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In the present model, the 3-D behavior is explained by defining
2-D approximating functions (p-level) in both the bottom and top
surfaces of a typical layer l. The displacement variations between
these two curved surfaces are then accounted for by hierarchically
appending 1-D approximating functions (q-level) that enable a
higher-order variation of displacement across the thickness of a
typical layer. The approximating functions are called as thickness
modes. The displacement field with any p- and q-levels in any layer
is then given by
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where �1 6 n 6 +1 is the standard coordinate in the thickness
direction of a layer.

2.3. Constitutive equations

If the cylindrical shells are made of linearly cylindrical orthotro-
pic materials that have three planes of symmetry that coincide
with the cylindrical coordinate representation, for a typical layer,
the orthotropic stress–strain relations are given by

hrx;h;riT1�6 ¼ ½~D�l6�6hex;h;riT1�6 ð7Þ
where

rl
x;h;r ¼ hrxx rhh rrr rhr rrx rxhiT; elx;h;r ¼ hexx ehh err ehr erx exh iT

ð8Þ

Also, the elasticity matrix ½~D�l6�6, in terms of the element coordi-

nate system, is derived from the elasticity matrix ½D�l6�6 with
respect to the orthotropic material axes by using the coordinate
transformation matrix ½H�6�6, such that

½~D�l6�6 ¼ ½H�T6�6½D�l6�6½H�6�6 ð9Þ
In Eq. (8), the strains are described by strain–displacement rela-

tions as follows:
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2.4. Virtual work statement

The displacement fields fUg of a layer with components defined
in Eq. (6) can be expressed in the following compact form:

fUg ¼ ½~H�fag þ ½~G�fbg ð11Þ
where the matrices f~Hg and f~Gg are in terms of approximating
functions corresponding to nodal modes {a} related to nodal modes
and non-nodal modes {b} including edge, bubble, and thickness
modes, respectively. The nodal modes have physical meaning, while
non-nodal modes depending on order of the hierarchical approxi-
mating functions do not have physical meaning but improve accu-
racy of analysis. The element equations for a layer can be expressed
by using the principle of virtual work as follows:Z
V
df~egTf~rgdV � dW ¼ 0 ð12Þ

where dW is external virtual work. Virtual displacements can be
expressed as

dfUg ¼ ½~H�dfag þ ½~G�dfbg ð13Þ

and the corresponding virtual strain can then be expressed as

df~eg ¼ ½~B�dfag þ ½~N�dfbg ð14Þ
Using these definitions based on the virtual work, the element

stiffness matrix of a layer can be expressed as
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