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a b s t r a c t

In practice, voltage would be stored in actuators due to applied mechanical loads or voltage specified as
input to them. The effect of stored voltage in actuators on buckling analysis has not been studied so far.
This article addresses fully coupled electromechanical buckling analysis of active laminated composite
thin to thick plates using partial hierarchical Rayleigh–Ritz solution. The formulation is derived from
variational principle with consideration for shear deformation plate theory. Another major contribution
is to postpone the initiation of buckling of a laminated plate by increasing its flexural stiffness using
feedback piezoelectric control.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, the application of piezoelectric material has
been developing to enhance the performance of engineering struc-
tures in multi-functional purposes. They could be used as sensors
and actuators for monitoring and controlling the behavior of struc-
tures, respectively. Because of having the ability to sense and react
simultaneously, sensor and actuator pairs as smart systems are
used to control authority over their static/dynamic responses for
complicated applications. Additionally, advantages of composite
materials have greatly increased their popularity in engineering
applications. The collocation of composite structures as passive
ones with the smart systems leads to create smart structures
which have attracted the attention of researchers to gain a better
understanding of their mechanical behavior.

Buckling phenomenon is a mode of failure which a structure
can experience in certain situations. Therefore, studying the active
buckling control may be effective to monitor and control the struc-
ture deflection in cases where structures need to carry more loads.

Intensive research activities have been carried in development
of laminated composite piezoelectric plates [1–4] by many
researchers. Numerous buckling studies for piezoelectric lami-
nated plates subjected to mechanical, thermal or electrical loading
are available in the literature. Oh et al. [5] studied the post-buck-
ling and vibration behaviors of piezo-laminated plates under ther-
mal-electric effects, using finite element formulation based on a
layer-wise theory. Shen [6,7] analyzed the buckling and post-buckling

behaviors of imperfect laminated plates with piezoelectric actua-
tors under different electro-thermo-mechanical loading. Varelis
and Saravanos presented a finite element model for active buckling
[8] and post-buckling [9] of composite beams/plates with piezo-
electric actuators, under electromechanical loading. Kapuria and
Achary [10–12] developed exact 3D and 2D piezoelasticity solution
for buckling of hybrid piezoelectric plates under in-plane electro-
thermo-mechanical loading, based on zigzag theory. Giannopoulos
et al. [13] employed finite element formulation and experimental
method to present buckling behavior of smart beams/plates under
electro-thermo-mechanical loading. Kim and Lee [14] presented an
exact 3D solution for buckling of a piezoelectric laminate with
weak interfaces. Akhras and Li [15] presented a 3D analysis of stat-
ics, vibrations, and stability of piezoelectric plates using a finite
layer approach. Then, they employed this method for 3D thermal
buckling analysis of symmetrical [16] and anti-symmetrical [17]
piezoelectric laminated plates under electro-thermo-mechanical
loading. Moreover, they [18] studied free vibration and stability
analysis for piezoelectric composite plates under mechanical load
using a spline finite strip.

The flexural rigidity and load-carrying capability of a plate can
be increased by active methods. Limited works have been reported
on the control buckling of laminated plates using piezoelectric
properties.

Meressi and Paden [19], as well as Thompson and Loughlan [20]
employed piezoelectric actuators to control buckling of beams/col-
umns by applying a controlled voltage to actuators. Chandrashek-
hara and Bhatia [21] presented a finite-element model for the
dynamic buckling control of smart plates under a linearly increas-
ing compressive load. Birman [22] introduced the active control of
stability and vibration for composite plates using piezoelectric
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stiffeners under static and dynamic electric fields. Batra and Geng
[23] developed a finite element model to enhance the dynamic
buckling load for a plate under compressive variable load by using
piezoceramic actuators. Shariyat presented a finite element formu-
lation to control the vibration and dynamic buckling of laminated
[24] and FGM [25] plates by piezoelectric sensor/actuator pairs
under thermo-electro-mechanical loading.

Although few works [5,13,26,27] have been done on studying
the buckling of piezoelectric plates under different simultaneous
thermal, electrical, and mechanical loads, the effect of produced
voltage in actuators did not investigated. In practice, applied
mechanical and thermal loads, and voltages specified as input to
the actuators cause a voltage to be produced in them. This pro-
duced voltage would be stored in actuators. To our knowledge only
one work [28] has been carried out on piezoelectric structures
based on fully coupled electromechanical loading. Ha et al. [28]
presented a finite element model for static and vibration analysis
of composite structures containing distributed piezoceramic sen-
sors and actuators with consideration for stored voltage in actua-
tors. However, they did not study buckling analysis.

Therefore, the objective of this work is to study the stored volt-
age in actuators and its effects on buckling of laminated plates.
Another objective of present work is to actively control static buck-
ling of piezoelectrically-stiffened laminated thick and moderately
thick plates by integrating piezoelectric transduction layers, which
has not been accomplished yet.

This article deals with solving fully coupled electromechanical
buckling for laminated composite thin to thick active plates using
partial hierarchical Rayleigh–Ritz solution. Furthermore, active
control of laminated composite plates with actuator/sensor pairs
under a compressive load is studied using feedback control law.
Using a subset of partial hierarchical shape functions, we develop
partial hierarchical Rayleigh–Ritz (PHRR) method [29,30] based
on von Karman’s moderate rotation kinematics and according to
CLPT, FSDT, and TSDT kinematical models, to derive the nonlinear
governing equations of buckling phenomenon. Then, we investi-
gate the effects of different electrical boundary conditions, as well
as the effects of piezoelectric parameters, such as voltage control
signal and feedback gain on the critical load.

2. Governing equations

The geometric parameters of the plate and coordinate system
are shown in Fig. 1. The geometry includes length a, width b, and
total thickness h. The plate is composed of a multilayered compos-
ite substrate and two piezoelectric layers attached to the both
sides. In Fig. 1, ha and hs are thickness of actuator and sensor layers,
respectively.

2.1. Kinematic relations

In the present analysis, the mixed-field laminate plate theory
[8] is developed using Reddy’s TSDT [31]. Therefore, displacement
field and electric potential are written as:

uðx; y; zÞ ¼ u0ðx; yÞ þ zbxðx; yÞ � c1z3 bx þ
@w0

@x

� �

vðx; y; zÞ ¼ v0ðx; yÞ þ zbyðx; yÞ � c1z3 by þ
@w0

@y

� �
wðx; y; zÞ ¼ w0ðx; yÞ

uðx; y; zÞ ¼
XN

l¼1

ulðx; yÞwlðzÞ

ð1Þ

where u0, v0, w0, bx, and by are the translational and the rotational
displacement components of mid-surface of the plate, u is the
electric potential field for any generic point, ul are electric potential
values according to layerwise electric potential field [8], wl are lin-
ear interpolation functions, and finally c1 is 4/3h2. The displacement
and the rotation components of mid-surface can be written in a
vector form as:

u0 ¼ Nuû; v0 ¼ Nvv̂; w0 ¼ Nwŵ; bx ¼ Nbb̂x; by ¼ Nbb̂y ð2Þ

where Nu, Nv, Nb, and Nw are polynomial shape function based on
hierarchical functions and Pascal’s polynomials [32,33], respec-
tively, and û; v̂; ŵ, b̂x, and b̂y are Rayleigh–Ritz coefficients vector.
Therefore, the mid-surface displacements and the rotations can be
rewritten as a vector:

U ¼ NRÛ
NR ¼ Nu Nv Nw Nb Nb½ �

ÛT ¼ ûT v̂T ŵT b̂T
x b̂y

T
h i ð3Þ

The von-Karman’s strains are expressed as [31]:
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The strain–displacement relations can be rewritten in the vector
notation as:

�e ¼ �eð01Þ þ �eð02Þ þ z�eð1Þ þ z3�eð3Þ; �e ¼ exx eyy cxy

� �
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Fig. 1. The geometric parameters of the plate and the coordinate system.
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