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a b s t r a c t

This study proposes to use fractional derivatives to evaluate the long term performance of circular mat
foundations overlying clays and also predict the associated ground settlement. Closed form solutions
for the deflection and bending moment of foundations and the subsequent reaction of subgrade are
obtained with the Mittag–Leffler function. Numerical examples are used to determine how the fractional
order affects the time dependent properties of the foundation and ground settlement, and to simulate the
case history of a large standpipe constructed over Tertiary sediments. New insights into design and pre-
diction of shallow foundations and ground settlement are also discussed.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The performance of foundations constructed over clay deposits
and the associated ground settlement are of great concern for geo-
engineers [1–5] because the interaction between foundations and
soil has hitherto been considered as a plate resting on a Winker
or an elastic medium with two parameters. These early contribu-
tions did provide a sound theoretical basis for later study where
complex loading histories and foundations with different shapes
are considered [6–10], analytical and numerical methods such as
the point collocation method, the Hankel transform, the ring
method, the Chebyshev polynomial–Ritz method, and the finite
element method have also been proposed and utilised [11–16].
However, since the deformation of clay is time dependent, it
should be considered when modelling the interaction between soil
and structure. For decades, the performance of a foundation on a
viscoelastic medium [17,18] or a poroelastic medium [19,20] has
been investigated, which is why the theory of poroelasticity, pro-
posed originally by Terzaghi and further developed by Biot, enables
the dissipation of pore water pressure and deformation of the solid
skeleton under external loads to be considered. While simple and

convenient simulations of the viscous behaviour of clay using
viscoelastic models (e.g. Maxwell model, Kelvin–Voigt model and
Merchant model) can graphically visualise materials, they are still
limited by the simple constitutive relationship of the Newtonian
dashpot [21].

Since fractional calculus is where integrals and derivatives can
be of arbitrary non-integer orders and it can simulate hereditary
phenomena with a long memory [22], it was introduced to vis-
coelasticity in the first half of the 20th century [23], and since then,
models based on fractional derivatives have been utilised exten-
sively to describe the viscous properties of materials [24–27].
The concept of fractional calculus has been introduced to geotech-
nics [28–33] where the viscous behaviour of geomaterials such as
clays [34], granular soils [35], saturated soils [36], frozen silts [37],
and rocks [38], has recently been modelled. Interesting work by
Cosenza and Korošak shows that the secondary consolidation of
clay can be described using a time-fractional diffusion equation
within the framework of Terzaghi’s theory [34], but until now,
research on the interaction between foundation and soil while
incorporating fractional calculus is still limited [39,40]. While the
time dependent response of a circular foundation has been inves-
tigated by assuming that the underlying soil is either viscoelastic
[41] or poroelastic [42], the interaction between a circular founda-
tion and a fractional type of viscoelastic soil has never been
reported in literature.
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In this paper a fractional derivative Maxwell model is used to
investigate the interaction between a circular mat foundation
and clay deposits, and the associated ground settlement. First, ana-
lytical solutions for the deflection and bending moment of founda-
tions and the reaction of subgrade are derived using the
corresponding principle and the Laplace transform for an axisym-
metric loading history. The solutions are then solved numerically
and a comprehensive numerical example is given to show how
the fractional derivative order affects the long term performance
of foundations and time dependent ground settlement. The mod-
el’s ability to simulate the interaction between a circular founda-
tion and clayey ground is demonstrated by analysing the case
history of a large water standpipe constructed on a circular mat
foundation overlying Tertiary deposits. Finally, the implications
of this research into the design of shallow foundations and predict-
ing settlement are discussed.

2. Fractional derivative Maxwell model (FDMM)

2.1. Basic concepts in fractional calculus

In traditional calculus the nth derivative of a function z(t) is
defined asDnz(t) = dnz(t)/dtn, but this function is extended if the inte-
ger order n is substituted by a fraction; this is the starting point for
defining fractional calculus. In this study theRiemann–Liouville def-
initions of fractional integration and derivative are used; the Rie-
mann–Liouville fractional integrationof function z(t) is givenby [43]

0
RLD�v

t zðtÞ ¼ 1
CðvÞ

Z t

0
ðt � nÞv�1zðnÞdn; t > 0 ð1Þ

where D denotes derivation; v is the order of integration ranging
from 0 to 1; and the subscripts 0 and t denote the integration limits.

The Riemann–Liouville fractional derivative of order a is formulated
as [43]

0
RLDa

t zðtÞ ¼ 0
RLD½a�

t ½0RLD�v
t zðtÞ�; t > 0 ð2Þ

where [a] is the smallest integer exceeding a; and v = [a]�a > 0.
This definition indicates that the fractional derivative has a strong
inherent memory due to its integral form. For simplicity, the super-
script ‘‘RL” and the subscripts 0 and t are dropped in the following
sections.

2.2. Generalisation of the standard Maxwell model based on fractional
derivatives

A fractional derivative element known as the ‘‘intermediate
model” [25] or ‘‘spring-pot” [27], is introduced first. The constitu-
tive law of this element is defined as

rðtÞ ¼ EsaDaeðtÞ; 0 6 a 6 1 ð3Þ
where r and e are stress and strain; E is the elastic modulus; s is the
creep time and equals g=E; and g is the coefficient of viscosity.
Because the element collapses into a spring and a dashpot when a
equals 0 and 1 respectively, the order of the fractional derivative
a is a non-dimensional parameter associated with the memory of
materials [27].

A standard Maxwell model (SMM) consists of a spring and a
dashpot connected in series, but by replacing the dashpot with a
fractional derivative element, the standard Maxwell model is
upgraded to an FDMM (Fig. 1), whose stress–strain relationship
reads

ðDa þ 1=sa0ÞrðtÞ ¼ E0D
aeðtÞ ð4Þ

where E0, s0 and a are three independent parameters of the FDMM.

Nomenclature

Ca coefficient of secondary consolidation
Cv coefficient of primary consolidation
D derivative
RLD Riemann–Liouville fractional derivative
Df bending rigidity of foundation
EOP end of primary
E elastic modulus of fractional derivative element
E0 elastic modulus of fractional derivative Maxwell clay
Ef elastic modulus of foundation
E0 analogous modulus of fractional derivative Maxwell

model
Eað�Þ original Mittag–Leffler function
Ea;1ð�Þ generalised Mittag–Leffler function with one complex

parameter equals 1
FDMM Fractional derivative Maxwell model
Hð�Þ Heaviside step function
h thickness of foundation
Jið�Þ Bessel function of the first kind of order i
M� non-dimensional moment of foundation
q0 load
RMSE root-mean-square error
R reaction of subgrade
R� non-dimensional reaction of subgrade
r radius
r0 radius of foundation
r1 radius of load
SMM standard Maxwell model

S ground settlement
SFDMM
i ith displacement calculated using FDMM

Smeas
i ith displacement measured in field
s parameter of Laplace transform
t time
tEOP EOP consolidation time
w deflection of foundation
w� non-dimensional deflection of foundation
�w Laplace-transformed deflection of foundation
z depth
a order of fractional derivative
[a] smallest integer exceeding a
Cð�Þ Euler gamma function
c non-dimensional parameter
e strain
g coefficient of viscosity of fractional derivative element
g0 coefficient of viscosity of fractional derivative Maxwell

clay
l Poisson’s ratio of foundation
v order of fractional integration
q non-dimensional radius
r stress
s creep time of fractional derivative element
s0 creep time of fractional derivative Maxwell clay
/ðtÞ function determining variation of load with time
/ðsÞ Laplace-transformed function of /ðtÞ
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