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The one-dimensional transient response of unsaturated single-layer porous media is studied based on the
theory of unsaturated porous media proposed by Zienkiewicz et al., and exact time-domain solutions are
obtained for three types of nonhomogeneous boundary conditions. During the solution procedure, the
nonhomogeneous boundary conditions are transformed into homogeneous boundary conditions. Then,

the eigenfunction expansion method is utilised to obtain the exact solutions for these new boundary con-
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two immiscible fluids.

ditions. Several numerical examples are provided to investigate the propagation of compressional waves,
and it is verified that three types of compressional waves exist in unsaturated porous media that contain

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Wave motion in porous media is an important issue in many
fields, such as geotechnical engineering and biological engineering.
A porous medium is considered saturated if it is filled with a single
type of fluid and considered unsaturated if it is filled with multiple
fluids. In most cases, two fluids coexist within the porous space:
either two liquids, such as oil and water in petroleum engineering
applications, or a liquid and a gas, such as water and air in geotech-
nical engineering applications [1].

Since the Biot theory [2] was established, scholars have made
great efforts to study the mechanisms of wave propagation and
attenuation in porous media through numerical and analytical
methods [3,4]. However, due to the complexity of the inertial, vis-
cous, and mechanical couplings in porous media, most dynamic
problems can only be solved quantitatively via numerical methods
involving the discretisation of both spatial and temporal domains
[4]. Even for the one-dimensional problem, only a few analytical
solutions are available in the literature.

For saturated porous media, due to the difficulty in mathemat-
ics, only several analytical solutions for the one-dimensional
transient response are available in the literature. Using the Laplace
transform method, Garg et al. [5], Simon et al. [6], and de Boer et al.
[7] obtained analytical solutions for a semi-infinite porous medium
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in several special cases. Gajo and Mongiovi [8] obtained the general
solution for a single-layer porous medium and the analytical solu-
tion for the step displacement boundary condition through the
eigenfunction expansion method. By using the Laplace transform
method, Schanz and Cheng [9] gave the analytical solution for a
single-layer problem by ignoring the viscous coupling effect. Shan
et al. [10] used the eigenfunction expansion method and presented
three exact solutions for a single-layer porous medium considering
three types of boundary conditions.

However, compared to the research on saturated porous media,
few studies have been concerned with the one-dimensional tran-
sient response of unsaturated porous media. As far as we know,
an exact solution for the one-dimensional problem in the time do-
main has not been reported in the literature. Li and Schanz [11]
presented an analytical solution for a single-layer problem in the
Laplace domain based on the theory of mixture, and the time-do-
main solution is obtained using the numerical inverse Laplace
transform.

The exact solution can illustrate the transient response of
unsaturated porous media, as well as be used to evaluate the accu-
racy of various numerical results. Moreover, clear insight into the
one-dimensional transient response is necessary for understanding
wave propagation in unsaturated porous media. Therefore, exact
time-domain solutions for the one-dimensional transient response
of unsaturated single-layer porous media are of great theoretical
and practical importance.

As a companion paper to Shan et al. [10], which is concerned
with saturated porous media, this paper develops the exact time-
domain solutions for unsaturated single-layer porous media under
three types of boundary conditions. In Section 2, we outline the
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basic equations for unsaturated porous media, which are proposed
by Zienkiewicz et al. [12]. The associated initial conditions and
boundary conditions are discussed in Section 3. In Section 4, we
present the derivation of the solution in detail. In Section 5, several
illustrative examples are given to validate the exact solutions and
to illustrate some interesting features of the wave propagation in
unsaturated single-layered porous media.

2. Basic equations describing unsaturated porous media

Porous media saturated with two immiscible fluids, i.e., the
wetting fluid and the non-wetting fluid, are discussed in this paper.
Based on the Biot theory [2], Zienkiewicz et al. [12] and Li et al. [13]
developed the basic equations of unsaturated porous media, which
are employed to study the transient response of unsaturated por-
ous media. It is assumed that the wave propagates along the z
direction in a Cartesian coordinate system and that both the wet-
ting fluid and the non-wetting fluid obey Darcy’s Law. The momen-
tum balance equations for the solid and the fluids are:

Uzz,z - pUz‘tt - pWWz,tt - Psz,rr = 0
Py, + pWUz‘tt + pWWz,tt/(nsw) + Wz,t/kw =0

Pn.z + anz.tt + Pan,rr/(nsn) + Vz,r/kn = 07 (1)

where subscripts w and n denote the wetting fluid and the non-
wetting fluid, respectively. o, is the total stress, and the tension is
positive. P,, and P, are the wetting fluid pressure and the non-wet-
ting fluid pressures, respectively, and the pressure is positive. P is
the effective pressure and can be expressed as P =S,,P,, + S;,P,. U,
is the solid displacement. W, and V, are the relative displacements
of the wetting fluid and the non-wetting fluid to the solid, respec-
tively. They can be expressed as W, =nS, (W, -U,) and V, =
nS,(V, — U,), where W, and V, are the absolute displacements of
the wetting fluid and the non-wetting fluid, respectively. n is the
porosity. S,, and S, are the saturations of the wetting fluid and
the non-wetting fluid, respectively, which satisfy the relation
Sw+Sp = 1. p is the density of the unsaturated porous medium,
which can be expressed as p = (1 — n)p, + nSwp,, + nS,p,,, where
Ps» Py and p, are the densities of the solid particles, the wetting
fluid, and the non-wetting fluid, respectively. k,, and k, are the dy-
namic permeability coefficients of the wetting fluid and the non-
wetting fluid, respectively. (), and (), denote the partial deriva-
tives with respect to z and t, respectively.

Assuming that the wetting fluid and the non-wetting fluid can
flow independently, the flow conservation equations for the
wetting fluid and the non-wetting fluid can be written as:

Qsz,z + OCQWSWUZ,Z + Swa = 0~, anz‘z + aQnSnUz.z + SnPn = 07
(2)

where «, Q,, and Q, are parameters that describe the compressibil-
ity of the unsaturated porous medium. These three parameters
can be expressed as a=1-K,/Ks,1/Q,, = (e—n)/Ks+n/K,, and
1/Q, = (a—n)/Ks+n/K,, where K,,K;,K,,, and K, are the bulk mod-
uli of the solid skeleton, the solid grains, the wetting fluid, and the
non-wetting fluid, respectively. The bulk modulus of the skeleton
can be described by K,=/4+2u/3, where 2 and p are the Lamé
parameters of the solid skeleton.
The constitutive equation of the solid skeleton is:

Oz + A(SwPw + SnPn) = (A +21)U,,. (3)
It should be noted that the saturations S,, and S,,, the porosity n,

and other material parameters in Egs. (1)-(3) are considered to be
constants.By introducing the following dimensionless variables:

{ — E u= &

= H’ - H E

o= %, T= mt,
m H

and the following dimensionless coefficients:

ﬁw = pw/pvﬁn = pn/pvyw = ﬂw/nsw)a’Vn = ﬁn(nsﬂ)

1., = H/kyvmp), 1w = Q,,/m,n, = H/(2kn/mp), kn = Q,/m, (5)

where H is the single-layer thickness, Eqs. (1)-(3) can be made
dimensionless. They can then be written compactly in matrix form:

W,
Y=H

3|
3|

v,
v:ﬁr pn: pW:

m =2+ 2+ 02Q,Sw + 02Q,.S, (4)

6, —Mu.,—Cu.=0 (6a)
o=Ku,, (6b)
where

g u 1 0Ky 0Ky
6={ D, ¢, U= W, K=|0Ky Kuy/Sw 0 ,

—Pn v 0K 0 Kn/Sn

1 Bu B 0 O 0
M= |8, y» 0|, C=1]0 2, O (7)

Ba 0 7y 0 0 21,

Substituting Eq. (6b) into (6a), the governing equation in terms
of u is:

Ku,—-Mu,—Cu.=0. (8)

3. Initial conditions and boundary conditions

To address the transient response of an unsaturated single-layer
porous medium, as shown in Fig. 1, associated initial conditions
and boundary conditions must be imposed. In this paper, the fol-
lowing initial conditions are employed:

u((,0) = g (0),u:({,0) = g,(0), 9)

where g, (0) = {g11(0). £12(0), 2130} and g,(0) = {g21(0), Z2(0),
2530}, with g;(¢) being specified functions in various forms.

The following three types of nonhomogeneous boundary condi-
tions are also considered:

A) u0,7) =f (1), u(l,7) =f »(1) (10a)
(B) u:(0,7) =f 1(vu(1,7) =f »(1) (10b)
(© u(0,7)=f 1(7),u:(1,7) =f 2(7). (10c)
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Fig. 1. The unsaturated porous medium.
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