
A statistical study on the stress–strain relation of progressively
debonded composites

Lichun Bian ⇑, Yong Cheng, Huijian Li
Key Laboratory of Mechanical Reliability for Heavy Equipments and Large Structures of Hebei Province, Yanshan University, Qinhuangdao 066004, PR China

h i g h l i g h t s

� The new constitutive model of SiC/Al composites (aluminum alloy) has been developed.
� The model can be used to predict effective elastic modulus of three-phase composites.
� Stress–strain relations of progressively debonded composites are graphically predicted.
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a b s t r a c t

In the study, a constitutive model of SiC/Al composites (aluminum alloy) has been developed, which can
describe the evolution of interfacial debonding damage between particles and matrix. Eshelby’s equiva-
lent inclusion method and self-consistent method have been extended to three-phase composites, and
the effective elastic modulus of SiC/Al composites is predicted. It is assumed that the particle, interphase
and matrix are all inclusions of composites. Based on the incremental relation between the three phases,
the incremental constitutive relations of composites, matrix, interphase, and particles have been
obtained. Moreover, the statistical stress–strain relations of progressively debonded composites are
graphically predicted and discussed.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

One of the most basic problems for composite materials is the
prediction of effective or average macroscopic properties in terms
of the properties and relative amounts of the individual materials
or phases. They are very useful in assessing the performance that
can be expected from formulations of composite materials. Many
researches have attempted to estimate the effective elastic modu-
lus of composites using both analytical and numerical methods
[1–3]. Togho et al. [4] established an incremental damage model,
which is based on Mori–Tanaka’s mean field concept and can de-
scribe the evolution of debonding damage, matrix plasticity and
particle size effects on the deformation and damage of composites.

Dimensions and volume fractions of the interphase between
particle and matrix are comparable with those of reinforcement
and matrix. Therefore, the ignorance of their existence would in-
duce a high error in predicting the effective elastic modulus of
composites. The formation of interphase is from many sources,
some are formed during the chemical reaction between the particle

and matrix, and others are from the intentionally introduction for
some special purposes. The interphase undoubtedly affects the
mechanical behaviors of composites in the engineering application
[5]. Many relevant works have been conducted, and the influence
of particle size on the composites was also explained from the
interphase point of view. By introducing the interphase into the
homogenization method, Vollenberg et al. [6], Boutaleb et al. [7],
Marcadon et al. [8], Liu and Sun [9], and Zhang et al. [10] have stud-
ied the dependence of the equivalent moduli of particle reinforced
composites (PRCs) on particle size.

In this paper, the analysis method for the effective elastic mod-
ulus of composites by Bian et al. [11] has been extended to three-
phase composites by introducing an interphase between particle
and matrix. In the present investigation, the modified model,
which is based on Eshelby’s equivalent inclusion method and
self-consistent method, can be employed to describe the influence
of interfacial debonding damage between the particle and the ma-
trix on material properties. The equivalent elastic modulus of par-
ticle reinforced composites is predicted using the constitutive
equations obtained. Moreover, the stress–strain relations of pro-
gressively debonded composite are graphically predicted and
discussed.
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2. Three-phase incremental damage theory

In this composite system, three phases of particle, matrix and
interphase between them are involved. The interphase volume
fraction fI is related to that of particles fP by

fI

fP
¼ dP þ 2t

dP

� �3

� 1 ð1Þ

Here dP and t are particle diameter and interphase thickness,
respectively. For the sake of simplicity, the volume fraction of inter-
phase is related to the surrounded particles in the following
sections.

The elastic incremental stress-strain relations of an isotropic
matrix, interphase and particles are as follows:

dri ¼ LiðEi; miÞdei: i ¼M; I or P ð2Þ

where dri and dei are the incremental stress and strain, respectively,
and Li(Ei, mi) is the stiffness tensor. The above equations replaced i
with M, I and P stand for the isotropic matrix, interphase and parti-
cles. Ei and mi are Young’s moduli and Poisson’s ratios of the constit-
uents, respectively. For the stress and strain of composite, the
particles, interphase and matrix are represented with superscripts
‘‘P’’, ‘‘I’’ and ‘‘M’’, respectively, and those of the composite are shown
by symbols without superscript.

Fig. 1 shows the state before and after incremental deformation
of composites in the damage process, where a constant macro-
scopic stress r and its increment dr are applied on the boundary
of composites for studying the uniaxial stress response of compos-
ites. The debonding damage is supposed to occur between particle
and interphase in this model. The states before deformation are de-
scribed in terms of the volume fractions of the intact and debonded
particles f d

P . If the volume fraction of the particle debonded during
the incremental deformation is denoted by dfP as shown in Fig. 1,
the state after deformation is described in terms of the volume
fractions of the intact and debonded particles fP–dfP and f d

P þ dfP .
The composite undergoing the damage process contains the intact
and debonded particle, and particles to be debonded during an
incremental deformation in the matrix. The initial volume fraction
of interphase fI0 is fP0[(1 + 2t/dP)3�1], here dP is particle diameter, t
is interphase thickness, and fP0 is the initial volume fraction of
particles.

The model of an infinite matrix with one single particle and
associated interphase in it has been chosen. The elastic modulus
and strain of the three phases are Ei and ei (i = M, I, P). According
to self-consistent method, the site of particle is displaced instead
of an equivalent strain e, and its elastic modulus is EM which is
the same as that of matrix. Bian et al. [11] assumed that the matrix
is in the same situation as the particles, that is, matrix and particles
are both inclusions of the composite. In the present work, for the
three-phase composite, it is supposed that the interphase around
the particle is also the inclusion of composites. Based on the above
assumptions, the elastic modulus of an equivalent matrix is Ea,
which equals the average value of elastic modulus of matrix, parti-
cles, and the interphase, and can be written as Ea = (3Ka, 2Ga). The
equivalent strain is ea due to this equivalent matrix, and the equa-
tions can be written as follows:

LP � eP
mn ¼ð1� fP � f d

P � fI � f d
I Þ � LM � eM

mn þ fP � LP � eP
mn þ fI � LI � eI

mn

þ f d
I � LI � eI�d

mn ð3Þ

ei
mn ¼ Ai � emn; i ¼ M; I; P ð4Þ

where ei
mn is the strain of the i-phase inclusion, which denotes the

strain of matrix, particles or interphase. emn is the average strain
of an equivalent material, of which the modulus is Ea. The parame-
ter Ai is strain concentration factor. Based on the solution by Eshel-
by [12], the strain concentration factor can be expressed as
Ai = [I + SiC

�1(Ci–C)]�1. Here, C = fP0�CP + fI0�CI + (1-fP0–fI0)�CM. The
parameters C, Ci and Si are all isotropic tensors, and can be written
as C (3K, 2G), Ci (3Ki, 2Gi), Si (a, b). Based on the definition by Wal-
pole [13], the parameter Ai is also isotropic tensor and Ai ¼ C

CþSiðCi�CÞ,
that can be decomposed into two parts[14]:

Ai ¼
K
Ki

q1;
G
Gi

q2

� �
ð5Þ

where K and G are the average bulk and shear modulus of compos-
ite, respectively, and are given as follows:

K ¼ fP0 � KP þ fI0 � KI þ ð1� fP0 � fI0Þ � KM ð6Þ

G ¼ fP0 � GP þ fI0 � GI þ ð1� fP0 � fI0Þ � GM ð7Þ

where fP0ð¼ fP þ f d
P Þ and fI0ð¼ fI þ f d

I Þ are initial volume fractions of
particles and interphase, respectively, and:

q1 ¼
Ki

Kð1� aÞ þ aKi
;q2 ¼

Gi

Gð1� bÞ þ bGi
ð8Þ

a ¼ 3K
3K þ 4G

;b ¼ 6ðK þ 2GÞ
5ð3K þ 4GÞ ð9Þ

By Eqs. (3) and (4), the effective elastic modulus of particle is
obtained as:

LP ¼
1
Ap
½ð1� fP0� fI0Þ � LM �AM þ fP � LP �AP þ fI � LI �AI þ f d

I � LI �Ad
I � ð10Þ

where LP ¼ ð3KP;2GPÞ;KP and GP are effective bulk modulus and
shear modulus of particles, respectively.

By Eqs. 4, 5, and 10, the relation between strains of particles and
matrix can be obtained as follows:

deP
mn ¼ AP � ½ð1�fP0 � fI0Þ � LM �AM þ fP � LP �AP þ fI � LI �AI þ f d

I � LI �Ad
I �
�1

�½ð1� fP0 � fI0Þ � LM þ fP � LP � AP
AM
þ fI � LI � AI

AM
þ f d

I � LI � Ad
I

AM
� � deM

mn

ð11Þ

where the term deM
mn ¼ ðdeM

kk;de
0M
mnÞ is matrix strain, and the term

deP
mn ¼ ðdeP

kk; de
0P
mnÞ is particle strain.

Fig. 1. The states of composite undergoing damage process before and after
incremental deformation.
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