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The authors present the exact finite element formulation for partially connected shear-deformable elastic
hybrid beam-columns with several embedded sections. Euler-Bernoulli’s kinematic assumptions are
adopted for the embedded section whereas Timoshenko’s kinematic assumptions are considered for
the encasing element. The shear connection between the encasing component and the embedded section
is modeled through a continuous relationship between the interface shear flow and the corresponding
slip. A set of coupled system of differential equations in which the primary variables are the slips and

Key wo rds: the shear deformation of the encasing cross-section is derived from the governing equations describing
Hybrid beam-column . . . . o . .
Slips the behavior of an elastic shear-deformable hybrid beam-column in partial interaction. This coupled sys-

tem has been solved in closed-form, and the “exact” stiffness matrix has been derived using the direct
stiffness method. The latter has been implemented into a general displacement-based finite element
code, and has been used to investigate the behavior of shear-deformable hybrid beams. Three numerical
examples have been considered in order to assess the capability of the proposed formulation and to
investigate the effect of the shear connection stiffness and span-to-depth ratios on mechanical responses
of the beam-columns. It has been found that the transverse displacements are more affected by the shear
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flexibility than the slips.
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1. Introduction

The history of construction industry is often influenced by the
innovation of new technology as engineers and researchers strive
to increase the safety, economy, and performance of our built envi-
ronment. Innovative structural solutions have been achieved by
combining different materials and/or methods of construction to
produce a structure with enhanced strength, stiffness, ductility
and fire protection. Steel-concrete composite beams, timber-steel
concrete floors, coupled shear walls, sandwich beams, concrete
beams externally reinforced with laminates and more recently
concrete column reinforced by several embedded steel profiles
are all examples of composite/hybrid structures in civil engineer-
ing. To develop composite action, the longitudinal shear force
transferred at the interface between each component is achieved
through two main mechanisms: mechanical interaction provided
by the shear connectors; and friction assumed to be proportional
to the normal stresses at the interface. The analysis of the compos-
ite member is complicated due to the partial transfer of longitudi-
nal shear force at the interface. Over the years, there has been a
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great deal of research conducted on the subject of elastic two-
layer composite beams in partial interaction. The first contribution
is commonly attributed to Newmark et al. [1] who investigated the
behavior of a two-layer beam considering that both layers are elas-
tic and deform according to the Euler-Bernoulli kinematics. In their
paper, a closed-form solution is provided for a simply supported
elastic composite beam. Since then, numerous analytical models
were developed to study different aspects of the composite behav-
ior of two-layer composite beams under more complicated situa-
tions. Several analytical formulations to investigate the behavior
of elastic two-layer beam were proposed [2-10]. Significant devel-
opment beyond that available from Newmark et al.’s paper [1] has
been made in [9] by considering Timoshenko’s kinematic assump-
tions for both layers. Besides these analytical works, several
numerical models, mostly FE formulations have been developed
to investigate the nonlinear behavior of both Bernoulli and
Timoshenko two-layer beams in partial interaction [11-22]. Most
of the papers on composite beam with interlayer slip is restricted
to the case of two layers and multi-layered beams as well as hybrid
members reinforced by several embedded sections have received
less attention. Chui and Barclay [23] and Schnabl et al. [24] pro-
posed an exact analytical model for the case of three-layer beam
where the thickness as well as material of the individual layers
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are arbitrary. Sousa et al. [25] developed an analytical solution for
statically determinate multi-layer beams with the assumption that
the rotation of the beam cross-section is assumed to be the same
even if the shear-flexible components with different shear modu-
lus are considered. The analytical solution is derived from the gov-
erning equations consisting of a coupled system of differential
equations where the interlayer slips are considered as primary
variables. Skec et al. [26] proposed mathematical models and ana-
lytical solutions for the analysis of linear elastic Reissner multi-
layered beams. The models take into account the interlayer slip
and the uplift of the adjacent layers, different material properties,
independent transverse shear deformations, and different bound-
ary conditions for each layer. Ranzi [27] proposed two types of
displacement-based elements to analyze the locking problems in
multi-layer Euler-Bernoulli beams in partial interaction. For classi-
cal polynomial shape functions, it is shown that the element with
internal node well characterizes the partial interaction behavior of
multi-layer beams while the element without internal node suffers
from the curvature locking problems.

A formulation based on the exact stiffness matrix offers the pos-
sibility of generating a locking-free model. These elements are
highly attractive due to their precision, computational efficiency
and mesh independency. Heinisuo [28] proposed a finite element
formulation using exact stiffness matrix for uniform, straight, lin-
ear elastic beams with two faces and one core and with three sym-
metric faces and two identical cores. Sousa [29] developed the
analytical formulation and derived the exact flexibility matrix for
both shear-deformable and shear-rigid multi-layer beams in par-
tial interaction with the assumption that both transverse displace-
ment and rotation are the same for all layers.

The purpose of this paper is to present a new exact FE formula-
tion for the analysis of shear-deformable hybrid beam-columns in
partial interaction based on the exact stiffness matrix derived from
the governing equations of the problem. The features of the formu-
lation presented in this paper are as follows: (i) longitudinal partial
interactions between the layers are considered which provide a
general description of the stresses and strains in the layers; (ii)
shear deformation of the encasing component is considered; (iii)
exact stiffness matrix is used which provide accurate and stable
results. The present model provides, therefore, an efficient tool
for linear elastic analysis of hybrid beam-columns with shear-
deformable encasing component, arbitrary support and loading
conditions. In contrast with the work of Sousa [29], the present for-
mulation allows the cross-section rotation of the encasing compo-
nent to be different to that of the embedded elements.

The rest of the paper is organized as follows. In Section 2, the
governing field equations for a shear-deformable hybrid beam-
columns in partial interaction are presented. The governing equa-
tions of the problem are derived in Section 3. In Section 4, the full
analytical solution of the coupled differential equations is pro-
vided, regardless of the loading and the nature of the boundary
conditions (support and end force). The exact expression for the
stiffness matrix is deduced for a generic shear-deformable hybrid
beam-column element in Section 5. Numerical examples are pre-
sented in Section 6 in order to assess the performance of the for-
mulation and to support the conclusions drawn in Section 7.

2. Fundamental equations

The field equations describing the behavior of linear elastic
hybrid beam-column with n embedded sections in partial interac-
tion are briefly outlined in this section. All variables subscripted
with b belong to the encasing section and those with subscript a
belong to the embedded section. Quantities with subscript sc are
associated with the longitudinal shear connection. The following

assumptions are commonly accepted in the model to be discussed
in this paper:

- connected members are made out of elastic, homogenous and
isotropic materials;

- the cross-sections of all embedded sections remain plane and
orthogonal to beam axis after deformation;

- the cross-section of the encasing component remains plane but
not (necessarily) orthogonal to beam axis after deformation;

- relative slip can develop along the interface between the encas-
ing component and embedded section and is considered at the
centroid of the embedded section;

- the lateral deflection v is assumed to be the same for all compo-
nents; and

- discretely located shear connectors are regarded as continuous.

2.1. Equilibrium

The equilibrium equations are derived by considering the free
body diagrams of a differential elements dx located at an arbitrary
position x in the hybrid beam-column, see Fig. 1. The interface con-
nection between the embedded sections and the encasing compo-
nent is modeled by continuously distributed spring. The
equilibrium conditions result in the following set of equations:
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Fig. 1. Equilibrium of a hybrid beam-column.
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