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a b s t r a c t

This paper describes a mathematical tool for the calculation of the ultimate strength of reinforced con-
crete rectangular columns subjected to combined internal forces including shear. The proposed method
is based on the application of the static theorem of limit analysis and considers simplified stress fields to
simulate stresses in steel bars and (unconfined and confined) concrete. Both truss and arch effects are
taken into account. To assess the effectiveness of the method, the relations developed are applied with
reference to a large number of columns tested in the past by many researchers and a comparison between
the theoretical and experimental results is drawn. Finally, the results of the proposed method are com-
pared to others deriving from the application of more simplified methods present in the literature.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Over the last century, a significant effort has been made to
achieve an accurate evaluation of the response of reinforced con-
crete columns subjected to combined internal forces including
shear. Owing to the different background of researchers, numerous
approaches, theories and models have been developed to simulate
the most significant aspects of the response of such structural
members. The pioneering studies carried out by Ritter and Morsch
[1,2] have provided fundamental tools and are still at the basis of
some proposals for refined truss models [3–5]. Some new theories
have been formulated in the second half of the last century (e.g.
equilibrium plasticity truss model, modified compression field the-
ory and softened truss model theory) and have been gradually re-
fined to evaluate the structural response by means of continuum
models [6–9]. However, as reported by other researchers
[10–12], these theories have not been developed to predict accu-
rately the degradation of the shear strength. Further, some of these
advanced theories (e.g. the modified compression field model and
softened truss model theory) do not constitute a simple tool for
practising engineers. To relieve the computational burden required
by continuum models, many researchers have proposed macro-
models (e.g.[10–22]) and fibre beam–column elements (e.g. [23–
28]). The accuracy and the range of application of these models
have been gradually extended to comprise the interaction between

axial, flexural and shear deformations and the dynamic response of
structures up to their collapse (e.g. [5,10–21]). While some of these
models have been developed on the basis of the results of the
abovementioned refined theories (particularly the modified com-
pression field theory), some others have been formulated using
semi-empirical relations of the force and displacement response
parameters which mostly characterise the cyclic behaviour of col-
umns (e.g. maximum shear resisting force and degradation of the
shear strength with the flexural ductility demand). The simplified
shear strength capacity models adopted in the latter cases (e.g.
[29–31]) or reported in codes (e.g. [32–36]) traditionally consider
the shear strength as the sum of three resisting contributions: con-
crete and transverse reinforcement contributions of the truss
mechanism and contribution of the arch mechanism. All these
shear strength models introduce simplifications of the structural
behaviour (e.g. an assigned value for the slope of the normal stres-
ses in the web and simplified relations for the depth of the com-
pression zone of the cross-section) and are adjusted on the basis
of results of laboratory tests. Some of these models also consider
the degradation of the shear strength because of the inelastic flex-
ural deformation; a detailed discussion regarding the different
strategies adopted to reduce the shear strength as a function of
the displacement ductility demand is reported in reference [37].

In the last decades, as an alternative to the abovementioned for-
mulations, the shear strength of reinforced concrete members sub-
jected to combined internal forces including shear has also been
evaluated by means of simplified continuum models. In these
models, stress fields are considered instead of resultants of stresses
to simulate the response of steel and concrete [9,38] and the basic
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theorems of limit analysis are applied to evaluate the shear capac-
ity of the member. Early applications of this method for structural
safety check date back to the late 1970s [39] and regard reinforced
concrete beams. Since then, the method has been used by several
researchers (e.g. see [40–42]) to obtain simple formulae for the
shear strength of beams and to comprehend the role of the geo-
metric and mechanical parameters in the resisting truss mecha-
nism of members subjected to the combined action of forces
including shear. In this very context, the aforementioned method
has been adopted by Recupero et al. [43–45] to define the ultimate
capacity interaction diagrams of reinforced and prestressed con-
crete beams characterised by rectangular, T or I shaped cross-sec-

tion and subjected to axial force, shear force and bending moment.
More recently, the arch action has also been considered within the
same mathematical problem to achieve more accurate estimates of
the shear strength of columns. The application of this refined mod-
el to circular columns has highlighted the accuracy of the results
for members with low to high aspect ratios [46].

This paper extends the latter studies to reinforced concrete
rectangular columns subjected to axial force, bending moment
and shear force. Like the method proposed for circular columns,
the one described here is intended to evaluate the maximum shear
force resisted by columns and, therefore, does not consider
the shear strength degradation due to the inelastic flexural

Nomencalture

Greek letters
a confinement effectiveness factor
an confinement effectiveness factor (longitudinal plane)
as confinement effectiveness factor (transverse plane)
Dh maximum excursion of h with respect to the angle hI

g fcc/fc

h angle of inclination of the diagonal stress of the concrete
in the web

hI angle of inclination of the first crack
/0, /00, /000 angle of inclination of the strut (arch effect type 1, 2a

and 2b)
ql,tot reinforcement ratio of the longitudinal bars
qlw reinforcement ratio of the flange longitudinal bars
qsw transverse reinforcement ratio
r1, r2, r3 equivalent normal stress in F1, F2, and F3 (truss action)
rc1, rc2, rc3 normal stress of concrete in the zones F1, F2, and F3

(truss action)
r0c2;r00c2;r000c2 vertical compressive stress in the zone F2 (arch ac-

tions type 1, 2a and 2b)
reff effective lateral compressive stress due to confinement
reff,y effective lateral compressive stress corresponding to

yielding of hoops
rI principal tensile stress developed at first crack on the

chord parallel to the neutral axis and passing through
the centroid of the uncracked, homogeneous cross sec-
tion

rl1, rl2,rl3 normal stress of the longitudinal reinforcement in the
zones F1, F2, and F3 (truss action)

r00l1 tensile stress in the longitudinal bars of the zone F1

(arch effect type 2a)
r000l3 tensile stress in the longitudinal bars of the zone F3

(arch effect type 2b)
rm mean compressive stress on the gross concrete cross-

section
rs normal stress of the transverse reinforcement caused by

transverse deformation of concrete
rs3 normal stress of the transverse reinforcement in the

zone F3

s tangential stress in the zone F3

Roman letters
A cross-sectional area of the column
A1, A2, A3 area of the zones F1, F2, and F3

Aslf area of the longitudinal reinforcement of the flange
Aslw area of the longitudinal reinforcement of the web
Asw area of the transverse reinforcement per layer
b width of the member cross-section
bi distance between consecutive engaged bars

bo width of the confined core
c mechanical cover of the longitudinal reinforcement
cs mechanical cover of the hoops
dS0 ; dS00 ;dS000 depth of cross-sections S0, S00 and S000

fc compressive strength of concrete
fc2 reduced compressive strength of concrete under biaxial

state of stress
fcc compressive strength of confined concrete
fct tensile strength of concrete
fyl yield strength of the longitudinal reinforcement
fyw yield strength of the hoops
h depth of the member cross-section
h1, h2, h3 depth of the zones F1, F2, and F3

ho depth of the confined core
LV shear span of the member
M bending moment of the cross-section
M0, M00, M000 bending moment (arch actions type 1, 2a and 2b)
M1, M2, M3 contributions of zones F1, F2, and F3 to the bending

moment (truss action)
Mexp bending moment of the laboratory test
N axial force of the cross-section
N0, N00, N000 axial force (arch actions type 1, 2a and 2b)
N1, N2, N3 contributions of zones F1, F2 and F3 to the axial force

(truss action)
N001;N

00
2 contributions of zones F1 and F2 to the axial force cause

by the arch action type 2a
Nexp axial force of the laboratory test
n1 total number of longitudinal bars laterally engaged by

hoops or cross ties
RV Vexp/Vnum

s spacing of the transverse reinforcement
V shear force of the cross-section
V0, V00, V000 shear force (arch actions type 1, 2a and 2b)
Vexp maximum shear force recorded during the laboratory

test
Vnum ultimate shear force predicted by means of the pro-

posed method
y1, y2 y-coordinate of the separation lines of the central part

F3

yc,lim h/2
yl, lim h/2 � c
ys,lim h/2 � cs

yGc2
y-coordinate of the centroid of the area of concrete in
the zone F2

yGc3
y-coordinate of the centroid of the area of concrete in
the zone F3

yGl1
y-coordinate of the centroid of the area of the longitudi-
nal reinforcement in the zone F1
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