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a b s t r a c t

The aim of this paper is to demonstrate how topology optimization can be used to design a
periodically perforated plate, in order to obtain a tailored anisotropic group velocity profile.
The main method is demonstrated on both low and high frequency bending wave propa-
gation in an aluminum plate, but is general in the sense that it could be used to design
periodic structures with frequency dependent group velocity profiles for any kind of elastic
wave propagation. With the proposed method the resulting design is manufacturable.
Measurements on an optimized design compare excellently with the numerical results.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Wave propagation in an elastic medium depends on the stiffness and density distribution. The governing equation for
linear elastic wave propagation is

ρ
∂2u
∂t2

¼ ∂TC ∂u; (1)

where ρ is the density, u is the displacement field, t is time, ∂ is the spatial derivative operator, and C is the constitutive
matrix.

By periodic variations in the density or stiffness (C) of the structure, one can achieve unique wave propagation prop-
erties, such as bandgaps [1], wave beaming [2], and negative refraction [3–5]. In photonics, where analogous phenomena
can be achieved by periodic variations in optical properties, a phenomenon called slow light [6], where the group velocity of
a light pulse is lower than the speed of light, has received considerable attention. While Cox and Dobson [7] were some of
the first to use topology optimization to design photonic bandgap structures, in [8] it is illustrated how topology optimi-
zation [9] can be used to design a photonic crystal with tailored group velocity properties.

Returning to elastic wave propagation; for materials where dissipation is negligible, the group velocity corresponds to
the energy velocity [10], and controlling how the energy propagates have several possible applications. A simple and
obvious one is vibration shielding, but it could also be used in more advanced applications, such as energy harvesting [11].
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For a periodic structure the wave solution to the full dynamic problem in Eq. (1) can be expanded according to the Bloch
theorem [10]:

uðx; tÞ ¼ ~uðxÞeikTxeiωt ; (2)

where ~u is the periodic displacement field, k¼ ðkx; ky; kzÞT is the wave vector, and ω is the temporal frequency. This allows a
characterization of the dynamic properties by analyzing the unit cell. Inserting Eq. (2) into Eq. (1) will yield an eigenvalue
problem on the unit cell, which, as shown by the authors in an earlier paper [12], can be used to compute the group velocity
cg for a given frequency ω.

The aim of this paper is to present a method, based on topology optimization, for tailoring the group velocity profile in a
structure by creating a periodic pattern in the structure. The method will be demonstrated with the design of a perforated
plate. The goal is to make flexural (transverse) waves propagate faster in one direction.

Focusing on a plate structure, as opposed to a full three-dimensional structure, keeps the computational burden rela-
tively low. Furthermore, it makes an experimental verification simpler, because the flexural wave propagation in a perfo-
rated plate can easily be measured using an optical measuring technique, such as a scanning laser vibrometer (SLV). That
said, the presented method is also applicable to three-dimensional problems.

As already mentioned, the gradient-based method called topology optimization will be used to tailor the unit cell design.
In this paper we present methods to tailor the group velocity profile, while the focus of most of the earlier work in elastic
wave propagation in periodic structures has been maximization of bandgaps. The first to apply topology optimization to
design periodic structures with elastic wave propagation in mind was Sigmund and Jensen [13]. Halkjær et al. [14,15] used
topology optimization to design unit cells for maximum bending wave bandgaps. Similarly, El-Sabbagh et al. [16] maximized
the bandgaps for bending wave propagation, but considered a finite plate with a finite periodic pattern. While Larsen et al.
[17] optimized the wave propagation pattern in a finite plate, without requiring a periodic pattern in the plate.

We start by presenting the optimization problem in Section 2, where the numerical modelling is also discussed. In
Section 3 several optimized designs are presented and discussed. Furthermore, one of the designs has been manufactured by
perforating an aluminum plate, and the experimental results from SLV measurements are compared to the numerical
predictions in Section 4.

2. Theory

2.1. Group velocity of elastic waves

The derivation of the equations necessary to compute the group velocity profile (for flexural waves in a plate with a
periodic pattern) is described in detail in [12], and it will not be repeated here. Numerically, the group velocity profile at a
given frequency ω can be computed by first finding the wave vectors by solving the discretized eigenvalue problem

Kkðθ;ωÞ�kMkðθÞ
� �

uk ¼ 0; (3)

where θ is the angle between the wave vector components kx and ky, ω is the temporal frequency and k¼ jkj is the wave
vector length, and the finite element matrices Kk andMk for a Mindlin plate problem are given in Appendix A. Fig. 1 provides
a basic illustration of the wave vector and its components along with an indication of the irreducible Brillouin zone cor-
responding to the repetitive unit cell (see e.g. [10] for a fundamental explanation of Brillouin zones for periodic media).

For a given combination of θ and k the group velocity cg ¼ ðcgx; cgyÞT is given as

cgx ¼ 1
2ω

vT � iK1þ2k cos θ
� �

K3þk sin θ
� �

K4
� �

u
vTMu

; (4)

cgy ¼
1
2ω

vT � iK2þ2k sin θ
� �

K5þk cos θ
� �

K4
� �

u
vTMu

; (5)

where the computations of the matrices Ki and M are detailed in Appendix A. u can be found from uk (the solution to Eq.

Fig. 1. Illustration of the Brillouin zone and wave vector direction specified by the angle θ.
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