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a b s t r a c t

This work derives the “spatial matched filter” beam pattern of a “u–u probe”, which
comprises two uniaxial velocity sensors, that are identical, collocated, and oriented sup-
posedly in orthogonality. This non-orthogonality may be unrealized in real-world hard-
ware implementation, and would consequentially cause a beamformer to have a systemic
pointing error, which is derived analytically here in this paper. Other than this point error,
this paper's analysis shows that the beam shape would otherwise be unchanged.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

A biaxial velocity sensor (also called a “u–u probe”) comprises two uniaxial velocity sensors, each measuring the acoustic
particle velocity along its axis. The biaxial particle velocity sensor has already been implemented [1–3], has been used for
direction finding [4,5], and has its directivity and beam pattern investigated [6,7].

With the two constituent collocated uniaxial velocity sensors orthogonally oriented relative to each other, for example,
along the x-axis and y-axis respectively, their azimuth-parameterized array manifold [8,9] would equal

að2þ0ÞðϕÞ ¼
cos ðϕÞ
sin ðϕÞ

" #
; (1)

in response to a emitter of point size, incident with unit power from either the far field or the near field, at an azimuth angle
of ϕA ½0;2πÞ, defined with respect to the positive x-axis, counterclockwise.

If this biaxial velocity sensor is further collocated with a (isotropic) pressure sensor (i.e. a hydrophone or a microphone),
their far-field azimuth-parameterized array manifold becomes 3�1 and equals [8,9]

að2þ1ÞðϕÞ ¼
cos ðϕÞ
sin ðϕÞ
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In the real world, a biaxial velocity sensor's two axes could only be approximately orthogonal, due to imperfect man-
ufacturing in the factory and/or imperfect deployment in the field. Such a non-ideality would affect the biaxial velocity
sensor's beam pattern.

Without any loss of generality, suppose that the y-axis remains correctly aligned, but the x-axis is misoriented by an
angle of ~ϕ, to form a new ~x-axis on the x–y plane. Refer to Fig. 1. Then, this non-orthogonal ~x–y biaxial velocity sensor's
2�1 array manifold ~að2þ0Þðϕ; ~ϕÞ may be related to the ideally orthogonal að2þ0ÞðϕÞ through a 2�2 transformation Rð2þ0Þ as
follows:

~að2þ0Þðϕ; ~ϕÞ ¼ cos ð ~ϕÞ � sin ð ~ϕÞ
0 1
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¼ Rð2þ 0Þð ~ϕÞ

að2þ0ÞðϕÞ: (3)

Similarly, a non-orthogonal 3�1 ~að2þ1Þðϕ; ~ϕÞ may be related to the ideally orthogonal að2þ1ÞðϕÞ through a 3�3 trans-
formation Rð2þ1Þð ~ϕÞ as follows:

(4)

Suppose that a “spatial matched filter” beamformer aims to focus a non-orthogonal biaxial velocity sensor (with or
without a pressure sensor) toward a “look direction” of ϕ¼ϕL, but the beamformer is unaware of the biaxial velocity
sensor's possible non-orthogonality. Then, the beam pattern would equal

Bð2þ jÞ ϕ; ~ϕ;ϕL

� �
¼ að2þ jÞðϕLÞ

� �T
Rð2þ jÞð ~ϕÞað2þ jÞðϕÞ

maxϕ að2þ jÞðϕLÞ
� �TRð2þ jÞð ~ϕÞað2þ jÞðϕÞ
h i; 8 j¼ 0;1; (5)

where the superscript T denotes the transposition operator.
This paper will derive and will analyze the “spatial matched filter” beam patterns of the non-orthogonal ~að2þ0ÞðϕÞ in

Section 2.1, and the non-orthogonal ~að2þ1ÞðϕÞ in Section 2.2.

2. The “spatial matched filter” beam pattern under non-orthogonality

To facilitate the subsequent derivation, recall the following well known fact:

Proposition 1. Let v1 and v2 be arbitrary vectors in RN , with v2 having a Euclidean norm of Jv2 J ¼ 1; and let R be an N � N
matrix. For any specific v1, the scalar function Fðv2Þ≔vT1Rv2 would maximize to Fðv2 ¼ vo2Þ ¼ RTv1

��� ���, where vo2≔
RTv1
RTv1

�� ��

Fig. 1. The non-orthogonality angle ~ϕ rotates the x coordinate, to give the non-orthogonal ~x–y coordinates.
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