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a b s t r a c t

A simplified analytical model including the coupled effects of the wheel–rail–soil system and geometric
irregularities of the track is proposed for evaluation of the moving train load. The wheel–rail–soil system
is simulated as a series of moving point loads on an Euler–Bernoulli beam resting on a visco-elastic half-
space, and the wave-number transform is adopted to derive the 2.5D finite element formulation. The
numerical model is validated by published data in the literature. Numerical predictions of ground
vibrations by using the proposed method are conducted at a site on the Qin-Shen Line in China.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Ground vibration induced by moving high-speed trains has incre-
asingly received attention in recent years. The dominant frequency of
the induced ground vibration ranges from 5 to 150 Hz, which may
cause vertical resonance and damage to nearby structures. During the
past decades, various analytical, semi-analytical and numerical meth-
ods with different accuracies have been developed to investigate
train-induced ground vibrations. One of the methods is the two-and-
a-half-dimensional finite element method (2.5D FEM). The method is
computational effective in that the 3D problem is solved by using a 2D
plane model for which the applied load is along the direction out of
the plane [1–4]. However, the dynamic loads generated by geometric
irregularities of high-speed rail tracks were not taken into account in
these studies. In addition, due to the complexity of the dynamic
interactions among the train, track and ground, the train is commonly
decoupled from the track–soil system and represented by a series of
‘static’ loads moving with a constant velocity. As a result, the dynamic
coupling of the train, the rail and the subgrade cannot be taken into
account.

In this paper, a 2.5D FEM wheel–track–soil interaction model in
a visco-elastic medium is proposed, where the external moving
train load is derived analytically. The proposed method includes

both geometric irregularities of the track and the wheel–track–soil
coupling effects.

2. Wheel–rail–soil interaction model

Similar to Ref. [4], the track-embankment and ground are
respectively modeled as an Euler–Bernoulli beam and a horizon-
tally layered visco-elastic half-space.

The effect of vehicles moving along the ground surface with a
velocity c can be represented by a moving load of

PN
n ¼ 1 Pnδ y�ð

ct�anÞ [5]. The moving load Pn ¼ f tð Þ is derived semi-analytically to
incorporate the dynamic interaction of the vehicles, track irregularities
and soil.

Considering a quarter vehicle shown in Fig. 1, the equilibrium
equations of a single wheel-set can be described as

1
4
mc €ucþdp2ð _uc� _ubÞþks2ðuc�ubÞ ¼

1
4
mcgδðx�ctÞ ð1Þ

mb

2
€ub�dp2ð _uc� _ubÞ�ks2ðuc�ubÞþdp1ð _ub� _uwÞ

þks1ðub�uwÞ ¼
1
2
mbgδðx�ctÞ ð2Þ

mw €uw�dp1ð _ub� _uwÞ�ks1ðub�uwÞ ¼ δðx�ctÞ½mwg� f ðtÞ� ð3Þ
wheremb is the weight of bogie;mc is the weight of carriage; mw is
the weight of a single wheel-set; ks1 and ks2 are the vertical
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primary and secondary spring stiffness, respectively; dp1 and dp2
are the vertical primary and secondary damping coefficients,
respectively; ubðtÞ, _ubðtÞ and €ubðtÞ are displacement, velocity and
acceleration of the bogie, respectively; ucðtÞ, _ucðtÞ and €ucðtÞ are
displacement, velocity and acceleration of the carriage, respec-
tively; uwðtÞ, _uwðtÞ and €uwðtÞ are displacement, velocity and acc-
eleration of a single wheel-set; f tð Þ is the subgrade reaction; g is
acceleration of gravity; and δ is Delta function.

By making the hypothesis that both the vehicle dynamic load
caused by rail irregularities and the vibration of the vehicle for
harmonic oscillations take the maximum, a new equation in the
frequency domain can be derived as

f t ω�ξxcð Þ ¼ a8uxt
wþA7δ ξx�

ω

c

� �
ð4aÞ

uxt
w ¼ a7f

t ω�ξxcð ÞþA6δ ξx�
ω

c

� �
ð4bÞ

in which uxt
w is the displacement of a single wheel-set in the

frequency (superscript t) – wave number domain (superscript x); ω is
the angular frequency; ξx is the x-directional wave-number.; a7 and a8
are dynamic-stiffness or flexibility coefficients of the system; A6 and A7
are coupling coefficients; a7 ¼ a6=a5, a8 ¼ 1= a7; A6 ¼ A5=a5,
A7 ¼ �A5=a6; a6 ¼ ða4=4a2a3Þmcω2þð1=2a2Þ mbω

2�1, a5 ¼ ða1a4=
4a2a3Þmcω2þða1=2a2Þmbω

2�mwω2; A5 ¼ A4 þðA2=4a3Þmcω2�ða4=
4a2a3Þmcω2A3�ð1=2a2Þmbω

2A3; a1 ¼ �mwω2þ iωdp1þks1, a2 ¼
iωdp1þks1, a3 ¼ ð1=4Þmcω2þ imdp2þks2, a4 ¼ iωdp2þks2, A4 ¼ A1þ
A2þA3, A1 ¼ ðπmbgÞ=c, A2 ¼ ðπmcgÞ=ð2cÞ, A3 ¼ ð2πmwgÞ=c; f t is sub-
grade reaction in the frequency domain.

Considering the frequency shift properties of the fast Fourier
transform (FFT), the moving train load consisting of N group
wheel-sets are represented in the time and frequency domains as

p x; y; z; tð Þ ¼
XN
i ¼ 1

f tð Þδ x�ct�aið Þ ð5aÞ

pxt ¼
XN
i ¼ 1

f t ω�ξxcð Þe� iξxai ð5bÞ

Substituting Eq. (4a) into Eq. (5b), the pxt can be written as

pxt ¼
XN
i ¼ 1

a8uxt
wþA7δ ξx�

ω

c

� �� �
e� iξxai ð6Þ

Assuming the track irregularity as a harmonic function,
described as

uirr ¼ Atei 2π=λtð Þx ð7Þ

where At is the amplitude of the track irregularity; λt is the
wavelength of the track irregularity. The track geometric irregu-
larity in the frequency-wave number domain can be expressed as
Eq. (8), in which Ω¼ 2πc=λt .

uxt
irr ¼

2πAt

c
δ ξx�

ω�Ω

c

� �
ð8Þ

The track-embankment structure is modeled as an Euler–
Bernoulli beam sleeping on the ground. The track is along the x-
axis and the governing equation of the beam under the moving
load p x; y; z; tð Þ in frequency domain is expressed as

ðEIξ4x �mrω
2Þuxt

rb ¼ pxt� f xtðξx;ωÞ ð9Þ

where EI is bending stiffness of the two tracks; mr is mass density
of two tracks per unit length; uxt

rb and f xt are the track bending dis-
placement and subgrade reaction in the frequency-wave number
domain, respectively.

The wheel and rail is considered to be always staying in contact
in the process of train moving. The deformation of the wheel and
rail meet the compatibility condition in the frequency-wave
number domain, described as

uxt
w ¼ uxt

irrþuxt
rb ð10Þ

in which uxt
w and uxt

irr are a single wheel-set displacement and
the track irregularity in the frequency-wave number domain.

Finally, the governing equation can be replaced as

EIξ4x �mrω
2�

XN
i ¼ 1

a8e� iξxai
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Fig. 1. Analytical model for a single wheel-set.

Table 1
Soil parameters used in numerical simulations on the Qin-Shen line.

Soil layer Thickness
(m)

Mass
density
ρ

(kg=m3)

Shear
velocity
cs(m=s)

P-wave
velocity
cp (m/s)

Poisson's
ratio υ

Damping
ratio β

Equivalent
layer for
embank-
ment

2.0 2200 170 298 0.25 0.25

Silty clay 2.0 1700 150 270 0.30 0.25
Half-space

(fine
sand)

26 1800 280 490 0.25 0.25
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Fig. 2. Computed vertical ground velocity time history at the track center.
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