
Self-consistent liquid-to-gas mass transfer calculations

Simon A. Smith *, Claudio O. Stöckle
Department of Biological Systems Engineering, Washington State University, Pullman, WA 99164-6120, USA

a r t i c l e i n f o

Article history:
Received 14 April 2010
Received in revised form 6 July 2010
Accepted 7 July 2010
Available online 13 July 2010

Keywords:
Biogas
Volumetric mass transfer coefficient
Mass transfer
Diffusion coefficient

a b s t r a c t

This work develops an alternative gas transfer calculation method to the two methods currently used in
anaerobic digestion modelling. The current calculation methods are problematic because one is compu-
tationally stiff, while the other introduces an artificial overpressure. The new approach began by noting
that the gas partial pressures are the same as the partial flows at the liquid/gas interface, and then used
the self-consistency requirement to develop gas pressure equations which were used by a search algo-
rithm. The new approach took about three iterations to achieve a flow precision better than
2 � 10�7 mol h�1 l�1, and was self-consistent and stable even when working with eight gases.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Anaerobic digestion models have become increasingly useful for
design and research, and of these, Anaerobic Digestion Model No. 1
(ADM1) is probably the most studied and widely applied (Batstone
et al., 2006). Liquid-to-gas mass transfer calculations are an essen-
tial part of these models because almost all the chemical oxygen
demand (COD) removal is by methane production (Speece, 1996),
carbon dioxide transfer can affect the system pH (Stumm and Mor-
gan, 1996), and dissolved hydrogen gas has a substantial regula-
tory effect on the range of fermentation products (Thauer et al.,
1977). However, gas flow calculations are problematic because
even with just four gases (methane, carbon dioxide, hydrogen
and water vapour) the ADM1 gas flow calculations are highly sen-
sitive to the integration algorithm and time step length (Rosen
et al., 2005). Furthermore, as the gas flow calculation problem is
very important and yet distinct from the difficulties caused by dis-
solved hydrogen dynamics, this problem warrants further investi-
gation for the development of a more stable ADM1 model (Rosen
et al., 2005).

Batstone et al. (2002) describe two methods for calculating gas
flow. The first sums the individual flows of methane, carbon diox-
ide and hydrogen based on dynamic gas pressures, and then cor-
rects for water vapour, but is problematic as the flow calculation
exhibits nervous behaviour (Rosen et al., 2005) which slows the
simulations (Rosen et al., 2006). The second method assumes that
gas flow is restricted through an orifice (Batstone et al., 2002) and
while it is more stable than the first method, it produces an artifi-

cial digester overpressure of about 5 kPa (Rosen et al., 2006) which
changes the gas flows. These problems suggest that a new gas flow
calculation approach is needed, because these calculation difficul-
ties will be exacerbated, particularly when highly soluble trace
gases such as ammonia and hydrogen sulphide are incorporated.
The ideal calculation method would be both stable, and self-consis-
tent, i.e. the sum of the gas pressures would be the same as the di-
gester pressure, and this self-consistency requirement has become
increasingly important, especially now that models such as ADM1
are being used for high-accuracy applications such as biokinetic
parameter estimation (Batstone et al., 2003; Batstone et al.,
2009), process evaluation (Koutrouli et al., 2009; Parker, 2005),
and being extended to denitrification systems (Tugtas et al.,
2010) where gas transfer plays a central role.

The aim of this research was to develop and evaluate an alter-
native gas transfer approach that is stable and self-consistent,
can incorporate a broad range of gases, and is compatible with
mechanistic models such as ADM1. The solution strategy was to
reformulate the gas equations based on the concept that the gas
partial pressures are the same as the partial flows at the liquid/gas
interface, and then search for a self-consistent gas flow. The new
method typically took about three iterations to find self-consistent
and precise gas pressures, and was able to accommodate any num-
ber of gases.

2. Methods

2.1. Gas flow formula

Individual gas flows were calculated using the formula (Tchoba-
noglous et al., 2003):
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Q j ¼ KljaðCj � Pj � HjÞ ð1Þ

where Qj is the specific flow rate (mol h�1 l�1) of gas j, Klj is the li-
quid mass transfer coefficient of gas j (length h�1), a is the specific
transfer area (area volume�1), Cj is the dissolved gas concentration
(mol l�1), Pj is the pressure of gas j (kPa), and Hj is the Henry’s coef-
ficient (mol l�1 kPa�1).

Temperature corrected Henry’s coefficients were determined
for all the test gases, by fitting the IUPAC estimation formula (Lide
and Haynes, 2010) to gas solubility data (Dean, 1992), while the
gas mass transfer coefficients were estimated based on diffusivity
coefficients (Danckwerts, 1951), and standardizing these mass
transfer coefficients on carbon dioxide as in other studies (Merkel
and Krauth, 1999; Pauss et al., 1990).

2.2. Equation formulation

When dissolved gases leave solution and enter a gas space such
as a bubble, the gas composition at the liquid/gas interface is deter-
mined by the flow rates of the different gases. Under these condi-
tions, the partial pressure of each gas is the same as its partial flow.
Thus:

psj ¼ Pj=PSys ¼ Q j=
X

Q ð2Þ

where psj is the partial pressure of gas j, PSys is the system pressure,P
Q is the sum of all the different gas flows, and Pj and Qj are as for

Eq. (1). So since Qj = Pj/PSys �
P

Q, by substitution into Eq. (1):

Pj ¼ Cj=
X

Q=ðKlja� PSysÞ þ Hj

� �
ð3Þ

As the total gas flow (
P

Q) was the only unknown on the right-
hand side of Eq. (3) (because Cj and PSys were state variables, and Hj

and Klja were constants), each estimate of the total gas flow was
evaluated by summing the individual gas pressures (Eq. (3)) and
comparing this total with the system pressure. For each set of con-
ditions, only one total gas flow yielded a combined gas pressure
which was identical to the system pressure, and the total flow
which met this criterion was self-consistent. A search algorithm
adjusted the estimated total gas flow until the sum of the gas pres-
sures was within 0.05 kPa of the known system pressure.

2.3. Estimating Kla

As layers of liquid slide over rising bubbles, the surface renewal
model of gas transfer (Danckwerts, 1951) was apposite, justifying
the use of:

Klj ¼ KCO2

ffiffi
ð

p
Dj=DCO2 Þ ð4Þ

where Klj is the mass transfer coefficient of gas j, KCO2 the mass
transfer coefficient of carbon dioxide (Pauss et al., 1990), and Dj

and DCO2 are the gas diffusion coefficients of gas j and carbon diox-
ide. Furthermore, the area term of the Kla was neglected for this cal-
culation because all the gases transfer across the same surface.

2.4. Estimating diffusion coefficients

The use of diffusion coefficient data is recommended wherever
possible (Poling et al., 2007), however, when aqueous diffusion
coefficient data were not available these were approximated using
an estimation formula (Hayduk and Minhas, 1982). To account for
temperature effects, diffusion coefficient data (Bruins, 1926; Ferrell
and Himmelblau, 1967; Himmelblau, 1964; Sherwood et al., 1975)
were also fitted to (Himmelblau, 1964):

D ¼ 10ðB�A=TÞ ð5Þ

where A and B are constants, and T is the temperature in Kelvin.

When gas diffusion data were used to calculate the gas trans-
fer coefficients, ammonia, hydrogen sulphide, and water vapour
diffusion data presented particular problems by being either
inconsistent or not available. For ammonia, two sources of data
(Bruins, 1926; Himmelblau, 1964) were combined and interpo-
lated using a least squares fit. For hydrogen sulphide and water
vapour, a molar boiling volume estimation formula (Tyn and Ca-
lus, 1975) was used in conjunction with a modified diffusion coef-
ficient formula (Hayduk and Minhas, 1982). A minor modification
was made (the ‘‘Z” of Eq. (6) was changed from 1.25 to 1.3778)
because the original Hayduk and Minhas (1982) formula underes-
timated the aqueous diffusion coefficients of ammonia, carbon
dioxide, methane, nitrogen and oxygen by an average of 9.3% at
25 �C:

D ¼ Z � 10�8 � ðV�0:19
a � 0:292Þ � T1:52 � gð9:58=Va�1:12Þ ð6Þ

where D was the diffusion coefficient (cm2 s�1), Z a constant, Va the
molar boiling volume (cm3 mol�1), T the temperature (kelvin), and
g the water viscosity (cP).

2.5. Solution steps

To find the self-consistent total gas flow an iterative procedure
was used as follows:

(1) Use the system temperature to determine appropriate val-
ues for the Henry’s coefficients, gas Kla (Eqs. (4)–(6)), and
water vapour pressure.

(2) Calculate equilibrium gas pressures by applying Henry’s law
to the dissolved gas concentrations.

(3) If the sum of the equilibrium pressures is greater than the
system pressure, calculate the pressure of each gas and
water vapour (Eq. (3)) using an estimated1 total flow rate,
and sum these.

(4) Use the empirical formula
P

Q = (
P

Step 3 pressures/system
pressure)3 � Step 3 flow rate, to find a second estimated
flow rate, then calculate the pressure of each gas and water
vapour (Eq. (3)) and sum these.

(5) Interpolate the total flows and total pressures from steps 3
and 4, to find the total flow at the system pressure, and
repeat this process using the last two sets of flows and pres-
sures until the calculated total pressure is within 0.05 kPa of
the system pressure.

Water vapour was treated as a highly soluble gas and the water
vapour pressure was calculated based on the known temperature
and vapour pressure relationship (Lide and Haynes, 2010). The
same water vapour pressure served as the water vapour equilib-
rium pressure and was also used to determine an equivalent
Henry’s coefficient. A water vapour mass transfer coefficient was
estimated using Eqs. (4)–(6).

The test gases were methane, carbon dioxide, hydrogen, water
vapour, ammonia, hydrogen sulphide, nitrogen, and oxygen.
Although oxygen has been reported in several operational digester
samples (Wheatley, 1979), it is not normally anticipated in an
anaerobic digester, however, a trace quantity was included to test
the calculation method. Dissolved methane, carbon dioxide, hydro-
gen and ammonia concentrations (Cj in Eqs. (1) and (3)) were based
on the pseudo steady state values reported for ADM1 (Rosen and

1 In practice, the gas flow from the previous time step of the numerical solver
would be used as an initial flow estimate, but this study used an empirical
correlation;

P
Q = 4.1796 � 10�6 �

P
PEq – 4.235 � 10�4, where

P
PEq is the sum of

the equilibrium pressures. This empirical formula found a flow within about 15% of
the actual flow and was based on the approximately linear correlation of the all the
test gas equilibrium pressure combinations and the resulting flows.
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