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a b s t r a c t 

In this paper, we study the visualization of complex structures in the context of automatic graph draw- 

ing. Constructing geometric representations of combinatorial structures, such as networks or graphs, is a 

difficult task that requires an expert system. The automatic generation of drawings of graphs finds many 

applications from software engineering to social media. The objective of graph drawing expert systems 

is to generate layouts that are easy to read and understand. This main objective is achieved by solving 

several optimization problems. In this paper we focus on the most important one: reducing the num- 

ber of arc crossings in the graph. This hard optimization problem has been studied extensively in the 

last decade, proposing many exact and heuristic methods to minimize the total number of arc cross- 

ings. However, despite its practical significance, the min–max variant in which the maximum number 

of crossings over all edges is minimized, has received very little attention. We propose new heuristic 

methods based on the strategic oscillation methodology to solve this NP-hard optimization problem. Our 

experimentation shows that the new method compares favorably with the existing ones, implemented in 

current graph drawing expert systems. Therefore, a direct application of our findings will improve these 

functionality (i.e., crossing reduction) of drawing systems. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

Graphs are nowadays a modeling tool to represent and analyze 

data in many areas from production to business reengineering. The 

term graph drawing refers to the problem of constructing geomet- 

ric representations of graphs, where drawing conventions depend 

upon the application and context in which the graph is used, and 

where arc crossing minimization is probably the most important 

aesthetic criterion considered. As stated by Carpano (1980) in a 

seminal paper in the graph drawing field, “the most crucial prob- 

lem as far as readability of a graph is that of arc crossing”. 

In the last years, many areas in science, business and engineer- 

ing have experienced an enormous growth in terms of the amount 

of data that they analyze. As a matter of fact, the term Big Data 

was recently coined to reflect this phenomenon. In this context, 

the representation of large graphs, and in particular the devel- 

opment of graph drawing expert systems, has received increas- 

ing interest. The first interactive system, called Grab ( Rowe et al., 

1987 ), was basically a graph editor and it is usually referred to as 

a first-generation system. Tom Sawyer software company ( www. 

tomsawyer.com ) created GraphEd ( Himsolt, 1996 ), which can be 
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considered the first expert system in this context. It implements 

layout algorithms for automatic graph drawing. 

Nowadays we can find different expert systems tailored for spe- 

cial types of graphs. Jünger and Mutzel (2004) describe 14 soft- 

ware systems based on several standards. These authors identified 

in their text different types of representations, such as circular, or- 

thogonal (grid), clustered, compound, and layered or hierarchical. 

Each application domain typically employs one of these types. The 

book by Di Battista, Eades, Tamassia, and Tollis (1999) is a refer- 

ence in the area of graph drawing and explains in detail these 

standards and their associated aesthetic criteria to obtain a read- 

able layout. For example, in project management, activity networks 

are usually represented as layered digraphs where vertices are con- 

strained to lie on a set of equally spaced horizontal or vertical 

lines, and edges flow in the same direction, as shown in Fig. 1 . 

In this paper we focus on layered drawings. 

The so-called Sugiyama’s method (1981) to represent digraphs 

according to the layered standard, has led to several drawing ex- 

pert systems. This method first assigns vertices to layers, adding 

dummy vertices to model long edges. This first step is called Layer 

Assignment . Then, in the second step, the method orders the ver- 

tices in each layer, usually with the barycenter algorithm, for Arc 

Crossing Minimization ( Martí & Laguna, 2003 ) . Finally, in the third 

step called Coordinate Assignment , it allocates the vertices in a spe- 

cific position in their layer to reduce arc length and bends of long 
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Table 1 

Graph drawing expert systems for layered graphs. 

Drawing system Characteristic Crossing reduction method 

Graphviz pygraphviz.github.io/ Hierarchical static graphs Median heuristic coupled with local search (exchanges) 

Dynagraph www.dynagraph.org Dynamic graphs Median heuristic (adapted to incremental drawing) 

yEd www.yworks.com Editor with layout methods for different representations. Barycenter and median heuristics 

MSAGL www.microsoft.com Microsoft Graph Layout. Constrained to given space Ordering rules 

AGD www.ads.tuwien.ac.at Library of algorithms for several classes of layouts Multi-start barycenter from random orderings. 

Tom Sawyer www.tomsawyer.com Software development kit for various layout styles Ordering rules 

Mathematica www.wolfram.com/mathematica/ Wolfram Language for the aesthetic drawing of graphs. LayeredGraphPlot ranks vertices for arc crossing minimization 

Fig. 1. Layered digraph. 

edges. In this way, any digraph can be represented as a proper 

hierarchical or layered graph. This makes this graphic convention 

(i.e., hierarchical graphs) a popular standard in the field. In this pa- 

per we consider the second step of this graph drawing system: the 

optimization problem consisting in the minimization of the num- 

ber of arc crossings in a layered graph. This is a difficult problem 

(it is NP-hard), and constitutes a challenge for optimization meth- 

ods. 

If we restrict our attention to the layered representation of 

graphs (also called hierarchical), we can identify several graph 

drawing expert systems that implement algorithms to obtain it. 

Table 1 summarizes the most popular ones in our opinion, spec- 

ifying how they reduce arc crossings. 

The problem of arc crossing minimization in hierarchical graphs 

has been extensively studied. First efforts, such as Eades and 

Kelly (1986) , restricted themselves to simple ordering rules and 

graphs with only two layers. More elaborated procedures, based on 

metaheuristic methodologies, such as tabu search ( Laguna, Martí, 

& Valls, 1997 ) or GRASP ( Laguna & Martí, 1999 ), were later intro- 

duced to obtain improved outcomes. A computational comparison 

of 16 procedures on 900 randomly generated bipartite graphs was 

presented by Martí and Laguna (2003) . This study shows that the 

procedures based on modern metaheuristics dominate those based 

on ordering rules in terms of solution quality but at the expense 

of more computational time. Early developments sacrificed solu- 

tion quality in favor of speed, considering the latter a critical factor 

in automated drawing systems. This is why graph drawing expert 

systems, as those shown in Table 1 , implement simple heuristic 

procedures, such as the median or the barycenter, to solve this dif- 

ficult problem. So, in terms of crossing minimization, we can say 

that these expert systems provide a very fast solution of medium 

quality. The contribution of this paper is therefore to propose an 

efficient algorithm for crossing reduction to improve this function- 

ality of expert drawing systems. 

Fig. 2 shows a small size graph (100 vertices in 5 layers and 

255 arcs) with an arbitrary node ordering (i.e., without minimizing 

arc crossings). It clearly illustrates how hard can be to analyze a 

“non-optimized” graph drawing. 

All the methods described above minimize the total number of 

arc crossings in a graph. There is however a recent method de- 

voted to minimize the maximum number of arc crossings among 

all the edges of the graph. Stallmann (2012) identified some appli- 

cations (i.e. Bhatt & Leighton, 1984 ) in the context of VLSI circuits 

in which it is more appropriate to minimize the maximum number 

of crossings over all edges (min–max problem) than minimizing 

the traditional sum of crossings (min-sum problem). He calls this 

variant the bottleneck crossing problem and, in line with his pro- 

posal, we have empirically found that solutions to the min–max 

problem usually result in more readable graphs than solutions to 

the min-sum problem. This is especially evident in graph drawing 

tools where zooming highlights a specific area of the graph and the 

overall crossing reduction does not imply a low number of cross- 

ings in the zoomed area. Stallmann proposed the maximum cross- 

ing edge (MCE) heuristic specifically designed for the bottleneck 

problem, but his experimentation shows that this heuristic also ob- 

tains competitive solutions with respect to the sum of crossings. 

In other words, this author considers the min–max as the primary 

objective function, and the min-sum as the secondary one, report- 

ing both values in the experimentation to assess the merit of the 

MCE heuristic. 

The main contributions of this work are: 

1. Proposing, implementing and testing a new heuristic for cross- 

ing minimization. 

2. Proposing, implementing and testing a new mathematical 

model. 

3. Experimental comparison of the two new solving methods with 

an existing algorithm. 

4. Graphical comparison of the new solution method with graph 

drawing expert systems. 

5. Improvement of the state of the art in arc crossing minimiza- 

tion. 

Our new heuristic algorithm, based on the strategic oscillation 

(SO) methodology ( Glover & Laguna, 1997 ), minimizes the maxi- 

mum number of crossings over the edges of a graph and, as a sub- 

sidiary goal, the total (sum) number of crossings. As mentioned, we 

focus on hierarchical directed acyclic graphs (HDAG) which are also 

known as layered graphs. Note that working with HDAGs is not a 

limitation since there exists a number of procedures to transform 

a directed acyclic graph (DAG) into a HDAG ( Sugiyama, Tagawa, & 

Toda, 1981 ). 

In the next section, we first introduce some notation and def- 

initions, and in Section 3 , we describe the previous MCE heuris- 

tic. Section 4 is devoted to the description of our strategic os- 

cillation method for the min–max problem, which also consid- 

ers the min-sum as a secondary objective. The experimentation in 

Section 5 shows that our method is able to compete with the pre- 

vious method in both objectives. We apply statistical analysis to 

draw significant conclusions to finish the paper. 

2. Notation and formulation 

A hierarchical graph H = ( V, E, k, L ) is defined as a graph G = ( V, 

E ), where V and E represent the set of vertices and edges, respec- 

tively, and the function L ( v ): V → {1, 2, …, k } indicates the index 

of the layer where v resides. The literature in graph drawing usu- 

ally does not distinguish between the terms edge and arc, so we 

will use both to refer to the links in the graphs. The L function im- 

plicitly defines the sets of vertices L i = { v ∈ V : L ( v ) = i } for i = 1, 
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