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1. Introduction

Random Projection (RP) is a simple yet computationally efficient dimensionality reduction method. While other dimen-
sionality reduction methods compute the directions onto which the data will be projected by analyzing a training dataset, RP
populates the projection matrix with a random normal distribution, thus requiring low computational effort. This technique

is based on a theoretical result known as the Johnson-Lindenstrauss (JL) lemma: For any O<e <1 and xq, x5, ..., %; € RY
there is a map f: RY — R¥ for k = O(e~2log(n)) such that:
Vi,j  (A=e)llxi—xi|12 <|Ifx) — F&DIP < A +e)l|x—x;l]? (1)

Furthermore, this map can be found in randomized polynomial time. For a simple proof of this lemma, refer to Dasgupta
and Gupta [10]. Originally, the map f consisted of projecting the points from RY¢ to R¥ by means of a d x k matrix whose
elements were drawn from a Gaussian distribution. Later on, Achlioptas proved that the projection matrix could be popu-
lated according to a much simpler distribution [1]. Concretely, he showed that the entries of the projection matrix R can be
computed as shown in Eq. (2); where Achlioptas used s =1 and s = 3 (see [22]).

1 with prob. 1/2s
rii=+/s10 with prob. 1-1/s (2)
-1 with prob. 1/2s
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In fact, Achlioptas proved that the only requirement to satisfy the JL lemma is that the entries of the projection matrix
must be independent random variables with zero mean and unit variance. Once the d x k matrix R has been populated, an
arbitrary set of n points represented as an n x d matrix X can be projected from R? to R¥ according to Eq. (3) (see [1]).

ik = %andexk (3)
Using the distribution proposed by Achlioptas to populate the projection matrix reduces the computational cost of the
projection. This is because the multiplication by /s present in Eq. (2) can be delayed, so the computation of the projection
itself reduces to aggregate evaluation (i.e. summation and subtraction but no multiplication).

Over the years, various authors [3,32] have explored the possibility of performing random projections from the feature
space associated to different kernel functions. This is of interest because of two main reasons: (1) if the JL-lemma is satis-
fied, the pairwise distances between samples in the kernel feature space will be preserved in the resulting representation,
so the low-dimensional projected points will preserve most of the structure from the kernel feature-space; and (2), since
Random Projection preserves separability margins [3], classification problems may become more lineally solvable after the
Random Projection form a kernel feature space. If this is the case, the classification accuracy of scalable linear classifiers will
increase. Motivated by these advantages, Zhao et al. recently proposed a kernelized variant of the original Random Projection
Algorithm, capable of working with an arbitrary kernel function [32]. As a drawback, their proposal lost some of the ben-
eficial features of the original Random Projection algorithm. In particular, the method proposed in [32] is data-dependent
and, unlike the original Random Projection algorithm, requires an expensive training phase. In addition, this algorithm is
not compatible with the database-friendly distribution proposed by Achlioptas [1] and its distance-preserving capabilities
have not been analyzed empirically. Moreover, it has been theoretically proven that formulating an algorithm capable of
performing a Random Projection from the feature space of an arbitrary kernel function, by just having black-box access to
the kernel function but no training samples (i.e., in a data-independent manner) is not possible [3,5]. However, the question
of whether this could be achieved for particular kernel functions such as the polynomial kernel remains open.

In this paper, we present a novel method to efficiently perform random projections from the feature space of the homo-
geneous polynomial kernel of degree two. By focusing on a specific kernel function, our method overcomes the limitations
of previous kernelization attempts of the Random Projection algorithm (i.e., data-dependence and training inefficiency). In
addition, our method is compatible with the database-friendly distribution proposed by Achlioptas. Our experimental re-
sults evidence that, by using our method, one can efficiently generate a low-dimensional representation of data samples
that condenses the structure of data in the feature space of the degree-2 homogeneous polynomial kernel, approximately
preserving the pairwise distances between samples in that space. Because of the data-independent nature of the proposed
method, it can be applied in online-learning scenarios [13| where no data samples are initially available. In addition, this
representation can be used to train efficient linear classifiers that approximate the accuracy of their non-linear counterparts.

Formally, we propose replacing the inner product that takes place during the matrix multiplication of Eq. (3) (i.e. projec-
tion of data points of X onto directions in R) by the kernel function (see Eq. (4)). By doing so, the columns of the projection
matrix and the data samples are mapped by ¢(-) and the projection takes place in the kernel feature space:

1
Vi

where (-, -) denotes the scalar product. However, this is not in general equivalent to explicitly mapping the data points to
the extended feature space by means of ¢ : R — 7 and then performing a Random Projection. This is because we cannot
guarantee that the distribution of the elements in R will be preserved by the embedding ¢(-). Therefore, our goal will be to
define the projection matrix R in such a way that when its columns are mapped by ¢(-) to the implicit, high-dimensional
feature space A the result will be a set of valid random projection directions. This is the reason why we must focus on a
specific kernel function, so we can analyze how its associated mapping ¢(-) affects the columns of the projection matrix.

The rest of this paper is structured as follows. Section 2 reviews the related work available in the literature. Section 3 de-
scribes the proposed approach and how it manages to efficiently perform a valid Random Projection form the feature space
of the degree-2 homogeneous polynomial kernel. An improved method to construct the implicit projection hyperplanes is
then described in Section 4. In Section 5, we provide empirical evidence that our method approximates a Random Projection
form the feature space of the degree-2 homogeneous polynomial kernel, so the pairwise distances between points in the
feature space are approximately preserved in the reduced representation. Additional experimental results regarding the suit-
ability of our method for the task of classification are reported in Section 6. Finally, Section 7 summarizes the conclusions
and future research lines.

(@ (row;X), ¢ (col;R)) (4)

1
X = 7 K([xi1, X2, - Xigl, [11j12js - Tail) =

2. Related work

This paper focuses on the design of a novel method to perform a Random Projection from the feature space associated to
a specific kernel function, namely the degree-2 homogeneous polynomial kernel. By performing this random projection, it is
possible to efficiently generate a compact representation of samples that captures the structure of data in the kernel feature
space. Conveniently, this is achieved without any explicit computation of the expensive mapping function ¢(-). By focusing
on a specific kernel function, we were able to preserve some of the most important beneficial features of the original
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