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1. Introduction
1.1. Problem in brief

Boolean matrix factorization (BMF) represents a vigorous research topic in data mining and related fields. One of the
challenges faced in BMF, which recently attracted a number of researchers, is the ability to handle noise in Boolean data.
Basically, the problem consists in reasonably factorizing data to which noise is added. The noise may be additive (some Os
in the original data are flipped to 1s), subtractive (some 1s are flipped to Os) or general (both changes occur). The current
literature presents various observations regarding the algorithms’ ability to handle noise along with experiments used to
demonstrate this ability.

We critically examine the existing considerations regarding noise, reported results, and approaches used to evaluate the
ability to deal with noise. We point out weaknesses of existing considerations regarding noise and argue that, in several
respects, the current understanding of the problem of noise is underdeveloped. Our main contributions are summarized as
follows:
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- we provide a new way to assess the ability of an algorithm to handle noise; our approach is based on a common-sense
requirement of robustness: the factorizations computed by a robust algorithm should not be affected much by adding
noise to data;

- we present methodological observations regarding the role of noise in BMF;

- we utilize a similarity measure developed to assess robustness to noise for assessment of another important property
of BMF algorithms, namely the ability to recover ground truth in both noise-free and noisy data;

- we present an experimental evaluation of several existing algorithms. The experiments reveal important properties of
these algorithms as regards their ability to handle noise. In addition to providing methodological justification of some
properties claimed in the literature, they also reveal properties which were not reported as well as properties which
counter certain claims made in the literature.

The paper is organized as follows. In the rest of this section, we review basic concepts, notation, and relevant work.
In Section 2, we review current understanding of noise in Boolean data (Sections 2.1 and 2.2), present our rationale for
the concept of robustness to noise (Section 2.3), critically examine the current approaches to handling noise in BMF (Sec-
tion 2.4), and present further observations supporting our critical view (Section 2.5). Our new approach to assess robustness
to noise, which reflects the rationale provided in Section 2.3, is presented in Section 3.1. The approach is based on mea-
suring similarity of factorizations computed from data and we show in Section 3.2 that the similarity measure may also be
used to assess another feature of factorization algorithms, namely, the ability to discover ground truth in data. Section 4
provides experimental evaluation. Conclusions and a list of topics for future research are provided in Section 5.

1.2. Basic concepts and notation

We denote an n x m Boolean matrix by M and interpret it as an object-attribute matrix (objects and attributes correspond
to the matrix rows and columns). That is, the entry M;; corresponding to the row i and the column j is either 1 or 0,
indicating whether the object i does or does not have the attribute j, respectively. If objects are transactions and attributes
are items, then M;; indicates whether transaction i contains item j and the like. The set of all n x m Boolean matrices is
denoted by {0, 1}"*™; the ith row vector and the jth column vector of M is denoted by M;_and M_j, respectively.

The general problem in BMF, of which two important variants—DBP and AFP—are described below, is to find for a given
M € {0, 1}"*™ matrices A € {0, 1}"*¥ and B € {0, 1}*>*™" for which

M (approximately) equals A o B, (M

where o is the Boolean matrix product, i.e.

(Ao B)jj = max}_, min(Ay, Byj).

Decomposing M into A o B may be interpreted as a discovery of k factors that exactly or approximately explain the data. If one
interprets the matrices M, A, and B as the object-attribute, object-factor, and factor-attribute matrices, the factor model (1)
says: The object i has the attribute j if and only if there exists factor | such that [ applies to i and j is one of the particular
manifestations of [. The least k for which an exact decomposition M = A o B exists is called the Boolean (or Schein) rank
of M.

The approximate equality in (1) is commonly approached in BMF via the Li-norm (Hamming weight) || - || and the
induced metric E(-, -), defined for C, D € {0, 1}"*™ by

lICI =X 1Gil, (2)

E(C,D)=|IC - DIl =>"L, ICij — Dyjl. (3)

The following important variants of the general BMF problem, relevant to this paper, are considered in the literature.

- Discrete Basis Problem (DBP, [16,17]): Given M € {0, 1}™*™ and a positive integer k, find A € {0, 1}"*¥ and B € {0, 1}k*™m
that minimize ||M — A o B||.

- Approximate Factorization Problem (AFP, [1,2]): Given M € {0, 1}"*™ and a prescribed error £ > 0, find A € {0, 1}"*¥ and
B € {0, 1}**™ with k as small as possible such that |[M — Ao B|| <&.

DBP and AFP mirror two important views: DBP stresses the importance of the first k (presumably most important) factors;
AFP stresses the need to account for (and thus to explain) a prescribed portion of data.

Below we employ the following geometric view: Computing an exact or approximate decomposition M ~ A o B of
M € {0, 1™ into A € {0, 1} and B € {0, 1}**™ is tantamount to finding k rectangles (called also tiles) whose union (max-
superposition) exactly or approximately equals M. Here, a rectangle corresponds to a crossproduct | =Co D € {0, 1}™™ of
some column vector C € {0,1}"*! and some row vector D € {0, 1}'*™; hence, by permuting the rows and columns, all the
1s in J form a rectangular area (tile). Now, if M ~ A o B, each factor [ =1, ...k of the k factors involved in Ao B corresponds
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