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Demand Response (DR) programs have been implemented in many competitive electricity markets to
prevent price spikes and power systems unreliability. Mathematical modeling of these programs helps
regulators to evaluate the impact of price responsive loads on market conditions. In this paper, several
nonlinear economic models of price responsive loads are derived based on price elasticity of demand
and customer benefit function. The main objectives of the paper include extracting different mathemat-
ical models for Time of Use (TOU) programs, and comparing these models to find out which model shows
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Nonlinear models lower error in load profile characteristics estimation, such as variation in peak load or amount of energy
TOU consumptions. In order to evaluate the performance of the proposed nonlinear DR models, numerical
studies are conducted on the load curve of different markets. Results obtained by using different models
are presented and compared considering different scenarios for price, elasticity and potentiality of DR
programs implementation. Characteristics of both linear and nonlinear economic models of price respon-

sive loads have been evaluated.
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Introduction

Over the last two decades, electricity markets have been
involved in restructuring aimed at promoting competition among
market participants. One typical market design often requires elec-
tricity to be sold in a spot wholesale market where potential buy-
ers (retailers or end consumers) and sellers (producers) submit
their bids for each time period. The demand and the supply sides
meet in the electricity power exchanges. The resulting auction
yields the equilibrium prices, which vary over time and space,
considering network constraints and supply/demand balance.
However, a common feature of the electricity wholesale markets
is lack of price responsiveness measured by the value of demand
elasticity [1]. This is due not only to the peculiar characteristics
of the commodity, such as non-storability, lack of good substitutes,
and the relatively small impact of electricity bill on the typical con-
sumer’s budget, but also to the relation between wholesale and
retail markets. Since end users simply do not see the “true” spot
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prices, they cannot use these prices when making decisions regard-
ing power withdrawal; this “inelastic” behavior is transmitted to
retailers, who have legal obligations to serve their customers and
therefore to the wholesale demand. Furthermore, the overwhelm-
ing lack of interest from consumers in seeing the real price of elec-
tricity makes it politically difficult to implement demand elasticity
improvement measures [2|.

In these circumstances, Demand Response (DR) programs are
such useful tools for the independent system operator (ISO) that
can be implemented at times of critical system conditions to pro-
vide the much needed system demand reduction and an operating
reserve that can be activated within a relatively short time. The
idea is to make it attractive for customers to use less power during
periods of peak load [3]. In a DR program, the customer signs a con-
tract with the retailer, local utility or the ISO to reduce its demand
as and when requested. The utility benefits from reduction of its
peak load and thereby saving costly generation reserves, restoring
quality of service and ensuring reliability [4,5]. The customer ben-
efits from reduction in its various energy levels, costs and particu-
larly from incentives provided by the local utility or the ISO.
Utilities typically commit their expected energy requirements with
a mix of bilateral forward contracts with generators and purchases
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Nomenclature

i For i hour

j For j hour

By (i) Customer’s benefit when the demand is equal to The

nominal value dq(i) ($)
Customer’s benefit in i-th hour ($)

do Initial demand value (kW)

do(i) Initial demand value in i-th hour (kW h)
d Customer demand (kW)

d(i) Customer demand in i-th hour (kW h)

E Price elasticity of demand
E(i,i) Self-elasticity
E(ij) Cross-elasticity

0o Initial electricity price ($/kW)

poli) Initial electricity price in i-th hour ($/kW h)
p Spot electricity price ($/kW)

p(i) Spot electricity price in i-th hour ($/kKW h)
S Customer’s profit ($)

in day-ahead and real-time markets. The extent of customer sav-
ings from price reductions thus depends on how much energy is
purchased in spot markets [6].

The programs are usually structured into one of two categories:
Incentive-Based Programs (IBP) and Time-Based rate Programs
(TBR). Each of these categories is composed of several programs
as indicated in Fig. 1. In time-based rate programs (Time of Use
(TOU), Real Time Pricing (RTP), Critical Peak Pricing (CPP)) the elec-
tricity price changes for different periods. Incentive-based pro-
grams include Direct Load Control (DLC), Emergency Demand
Response Program (EDRP), Interruptible/Curtailable service (I/C),
Capacity market Program (CAP), Demand Bidding (DB) and
Ancillary Service (A/S) programs. More detailed explanations of
DR programs can be found in [7-10]. In this paper, we have focused
on TOU program which is briefly introduced in the following.

In TOU program, the electricity price changes over different
periods according to the electricity supply cost. For example, high
price for peak period, medium price for off-peak and low-price for
low load period, and there isn’t any incentive or penalty for this
program. Definition of TOU periods differs widely among utilities
based on the timing of their peak system demands over the day,
week, or year [3]. In order to evaluate the impact of DR programs
on the network and market characteristics such as load profile,
transmission congestion and reserve margin , developing price
responsive demand models is necessary. Obviously, there are many
possible structural forms for customer response. Linear economic
models of price responsive loads for DR programs have been devel-
oped in [1,11-16]. Since the optimization problem of the customer
profit is nonlinear, it is necessary to develop nonlinear economic
models of price responsive loads for more realistic characterization
of the demand. Maximization of the utility benefit function prob-
lem by using different nonlinear benefit-demand functions has

DLC

Voluntary Programs
EDRP
I/c

IBP Mandatory Programs
CAP

arket Clearing Programs

TBR A/S

Time of Use (TOU)

Real Time Pricing (RTP)

Critical Peak Pricing (CPP)

Fig. 1. Categories of demand response programs.

been discussed in [17,18]. In [19], a retailer profit is maximized
through using a nonlinear load model with power structure.

In this paper, three nonlinear structures namely; power, expo-
nential and logarithmic economic models of price responsive loads
for DR programs are extracted by using the concept of “price elas-
ticity of demand”, and “customer benefit function”. These models
are compared with linear ones to determine the accuracy and con-
sistency with operational strategies. The proposed models can be
used to analyze the impact of DR programs on load profile
characteristics.

The main contribution of this paper includes extracting differ-
ent mathematical models for TOU programs, and comparing these
models to find out which model shows more conservative and
which one shows non-conservative results compared with the ini-
tial load curve. This could be used by ISOs or DR programs develop-
ers as a guideline to use conservative models to have lower error in
load profile characteristics estimation, such as variation in peak
load or the amount of energy consumptions. Therefore, they would
have a better and more realistic insight in power systems and mar-
ket operation and in performing related tasks, such as reserve pro-
curement. Furthermore, as another contribution, a procedure is
introduced for the selection of the more reliable load economic
model for analyzing the impact of implementation of DR programs
on power system characteristics. It should be noted that linear
model of demand response programs have been discussed in pre-
vious works of the authors Refs. [11-13] but, in this study various
nonlinear models are developed. Furthermore, in this manuscript
the results of the developed nonlinear models have been compared
with linear model of previous works.

The remainder of the paper is organized as follows: In Section
‘Nonlinear modeling of DR programs’, nonlinear models of DR pro-
grams are derived. Section ‘Numerical studies’ is devoted for
numerical studies considering different scenarios for price, elastic-
ity and program potentiality for evaluation of proposed nonlinear
models of DR programs. Furthermore, sensitivity analysis of mod-
els to change price, elasticity and program potentiality has been
done by standard deviation. Finally, Section ‘Conclusions’ con-
cludes the paper.

Nonlinear modeling of DR programs

In order to model the customer response, we consider customer
demand for electricity d(i) and assume that it depends on price or
tariff that consumer must pay for electricity, p(i). Obviously, there
are many possible structural forms for customer response. In this
paper three such structures namely; power, exponential and loga-
rithmic nonlinear models for customer response are derived. It is
important to note that a second-order Taylor Series expansion of
the power, exponential and logarithmic benefit functions B(d(i))
about d(i)=dq(i) yields the quadratic income function, and a
first-order Taylor Series expansion of the response function d(i)
resulting from the power, exponential and logarithmic functions
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