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a b s t r a c t

Supply Function Equilibrium (SFE) and Conjectured Supply Function Equilibrium (CSFE) are some of the
approaches most used to model electricity markets in the medium and long term.

SFE represents the generators’ strategies with functions that link prices and quantities, but leads to sys-
tems of differential equations hard to solve, unless linearity is assumed (Linear Supply Function Equilib-
rium, LSFE). CSFE also assumes linearity of the supply functions but only around the equilibrium point,
also avoiding the system of differential equations.

This paper analyzes the existence and uniqueness of G-CSFE (a CSFE previously proposed by the
Authors) for both elastic and inelastic demands. In addition, it also proves that the iterative algorithm
proposed to compute G-CSFE has a fixed point structure and is convergent, and that LSFE is a particular
case of G-CSFE when demand and marginal costs are linear. Selected examples show the performance of
G-CSFE and how it can be applied to market power analysis with meaningful results.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Several approaches have been proposed in the literature to
compute and analyze the behavior of the generators in oligopolistic
electricity markets (see [1,2]). Although most of these models have
in common the simultaneous profit maximization of the genera-
tors (Nash equilibrium approach, see [3,4]), they differ in how
the strategies of the generators are modeled. For example, strate-
gies can be prices (Bertrand competition, see [5]), quantities (Cour-
not and Conjectural Variation approaches, see [6–9]), or supply
functions, relating prices and quantities (supply function [10–12]
and conjectured supply function approaches [2,13,14]).

Conjectured Supply Function Equilibrium (CSFE) is a combina-
tion of the conjectural variation and the supply function
approaches, where the generators’ strategies are represented by
first order local approximations around the equilibrium point [2].
For each generator its conjecture is the slope of its residual demand
curve (conjecture price-response, see [15,16]),1 which, at the
equilibrium point, is calculated from the slopes of the first order
approximations of its competitors bidding curves (see [2,15,17]).
Conjectures internalize most of the strategic behavior of the

generators by representing their influence on the market price
[16], but their computation depends on the CSFE approach selected,
since the parameters of the linear approximations are sometimes
supposed partially known (slope known and intercept unknown or
vice versa), or totally unknown [2].

Knowing the slopes is equivalent to knowing the conjectures,
since the latter can be directly computed from the former (see
[14,15]). Very often these conjectures are estimated from historic
generator bidding curves (see [7,15,18]) and kept constant for all
the forecasting horizon. However its use for medium and long term
in a dynamic environment is rather arguable since conjectures
should vary to reflect how the generators’ strategies adapt to the
evolving market structure and regulation (see [16,19]).

When the intercepts are given and the slopes are variables, the
conjectures result from the equilibrium (see [2]) but are strongly con-
ditioned by the given intercepts [16]. Therefore similar remarks as
above about its applicability to medium and long term can be made.

When both intercepts and slopes are decision variables (G-CSFE),
the supply functions of the generators are computed according to
the market structure, and so are the conjectures. Thus, the genera-
tors strategies are dynamic and adapt to the market evolution, being
more suited for medium and long term studies. However additional
hypothesis must be considered to get a well-defined problem [16].
Ref. [13] presents an efficient formulation for the G-CSFE and pro-
poses an iterative algorithm to solve it. In addition, unlike the Linear
Supply Function Equilibrium (LSFE, see [11,20,21]), if the G-CSFE is
solved for different demand values, a complete supply function, not
necessarily linear, can be obtained for each generator (see [2,9]).
However existence and uniqueness of the G-CSFE has not yet been
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analyzed. While the elastic case, under the assumption that both the
marginal costs and the system demand are linear functions, can be
considered already studied in [22], this article proves that this result
cannot be directly applied to the inelastic demand case. On the con-
trary, specific considerations must be made to guarantee the exis-
tence and uniqueness of the solution.

It is important to emphasize that perfectly inelastic demand
assumption for medium and long term analysis is a very common
and sensible approach for avoiding the estimation of the demand
elasticity in scenarios, see [23], where the future demand does
not change as much as the market price does (see [24,9]).

This article has three main objectives. It proves that the G-CSFE
includes, as a particular case, the LSFE when both the marginal
costs and the elastic system demand are linear functions. Unlike
[25] where only the symmetric case was analyzed, it also deter-
mines the conditions for the existence and uniqueness of the
G-CSFE for the asymmetric case with both elastic and inelastic de-
mands, proving that the inelastic case is not a particular case of the
elastic one. Finally it determines the mathematical conditions un-
der which the iterative algorithm proposed in [13] to compute the
G-CSFE converges to the Nash-equilibrium, and presents some
illustrative examples that show the applicability of the proposed
algorithm to the computation of the market power of the genera-
tors (see [26] for a review on market power indices).

The article is organized as follows. Section 2 presents the for-
mulation of the LSFE approach outlined in [11]. Section 3 describes
the G-CSFE proposed in [13] for both elastic and inelastic demand
representation, and proves that, when the demand and the mar-
ginal costs are linear, the LSFE is a particular case of the G-CSFE.
Section 4 proves the existence and uniqueness of the G-CSFE when
the marginal costs are supposed to be linear-increasing. Section 5
tries to generalize the above result by extending it to the case of
nonlinear-increasing marginal costs showing that in this case is
not possible to guarantee the existence and uniqueness in a gen-
eral way. Section 6 presents the necessary conditions under which
the iterative algorithm proposed in [13] to compute the G-CSFE
reaches the Nash-equilibrium. Section 7 discusses some illustrative
examples about the equilibrium’s existence showing the strong
relationship between the conjectures and the structure of the mar-
ket. Finally, Section 8 presents the main conclusions.

2. Linear supply function equilibrium

In the LSFE the production of the ith generator Pi is linearly re-
lated with its offer price pi in the following way:

PiðpiÞ ¼ ai � ðpi � ciÞ 8i 2 E ð1Þ
E being the set of generators, ai P 0 the slope of the function
(ai = @Pi/@pi) and ci the minimum offer price (pi P ci), both being
decision variables.

The generation’s costs are supposed to be quadratic, that is:

CiðPiðpiÞÞ ¼
1
2
� ci � ðPiðpiÞÞ2 þ bi � PiðpiÞ þ ai 8i 2 E ð2Þ

ci, bi and ai being the fixed coefficients of the costs’ functions, lead-
ing to linear marginal costs.

The balance between the total production and the elastic sys-
tem demand D(p) is given by:

DðkÞ ¼
X
i2E

PiðkÞ ð3Þ

where k is the equilibrium market price and @D(p)/@p = �a0, a0

being the demand’s elasticity2 and p the price that consumers are
willing to pay for a certain amount D.

The profit BiðkÞ for each generator i is given by:

BiðkÞ ¼ k � PiðkÞ � CiðPiðkÞÞ 8i 2 E ð4Þ

where k � PiðkÞ represents the incomes and CiðPiðkÞÞ the costs.
First order equilibrium conditions are obtained by deriving (4)

with respect to the price k (decision variable for the LSFE, see
[11]) and setting equal to zero, that is:

@BiðkÞ
@k

¼ PiðkÞ þ k � @PiðkÞ
@k

� @CiðPiðkÞÞ
@Pi

� @PiðkÞ
@k

¼ 0

) PiðkÞ þ @PiðkÞ
@k � k� @CiðPiðkÞÞ

@Pi

� �
¼ 0 8i 2 E

ð5Þ

where the derivative of the generator production with respect to
the market price is the slope of its supply function, that is:

PiðpÞ ¼ DðpÞ �
X
j–i

PjðpÞ

) @PiðpÞ
@p

����
p¼k

¼ @PiðkÞ
@k

¼ �a0 �
X
j–i

aj

ð6Þ

Substituting (1), (2), and (6), into (5) leads to:

ai � ðk�ciÞ¼ ða0þ
X
j–i

ajÞ � ðk�ðci � ðai � ðk�ciÞÞþbiÞÞ 8i2 E ð7Þ

In the LSFE the supply functions of the generators are assumed
to be consistent across all times (see [20]), which implies that (7)
must be valid for any realization of k. Equating coefficients of k:

ai ¼ ða0 þ
X
j–i

ajÞ � ð1� ci � aiÞ 8i 2 E ð8Þ

Equating coefficients of the constant term:

�ai � ci ¼ ða0 þ
X
j–i

ajÞ � ðci � ai � ci � biÞ 8i 2 E ð9Þ

Substituting the right side of (8) only into the left side of (9) and
simplifying yields (see [11] for more details):

ci ¼ bi 8i 2 E ð10Þ

Eq. (10) means that the minimum offer price of each generator
is its minimum marginal costs. Dividing (9) by �ci and clearing ai,
with bi = ci, leads to:

ai ¼
a0 þ

P
j–iaj

1þ ci � a0 þ
P

j–i
j2E

aj

� � 8i 2 E ð11Þ

Eq. (11) is equivalent to solve (8) and (9), and provides, together
with (10), the solution of the LSFE.

It is necessary to highlight that in (11) it is assumed that all the
generators are participating at all the equilibrium points3 obtained
varying k, implying that their productions are non null, Pi > 0, and
therefore ai > 0 [20]. Section 3.1 presents a generalization that allows
that some generators be out of the market due to high costs.

3. Description of the G-CSFE

In this market formulation the generators’ strategies are again
assumed to be linear functions (see (1)), but, unlike the LSFE, they
are only valid around the equilibrium point (first order Taylor
approximations [2]).

Since slopes ai are not null at the equilibrium point
(@PiðpiÞ=@pijpi¼k ¼ ai > 0 for the generators that participate at the
equilibrium, see previous section), then:

@BiðkÞ
@k

¼ @BiðkÞ
@Pi

� @PiðkÞ
@k

¼ 0 () @BiðkÞ
@Pi

¼ 0 8i 2 E ð12Þ

2 Strictly speaking the demand elasticity is (DD/D)/(Dk/k) = �(k/D) � a0. However,
here for simplicity the elasticity refers to the slope a0.

3 A generator participates at an equilibrium point when its production is not
affected by active constraints or is not null because of high costs.
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