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1. Introduction

The Hamburger moment problem is to determine the existence and uniqueness of a positive mea-
sure whose moments

/ Xdu, aezk,
Rk
take a prescribed multi-sequence of values (ya)aez‘;' Here, x“ is the oth monomial in IT, the vector

space of all polynomials on R¥. For such a measure to exist, it is necessary and sufficient that the
linear functional

L:H—)R:p:Zﬁ(O{)X“HZfJ(Q)ya
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be nonnegative, that is, Lp > 0 if p > 0, and for this to occur, it is necessary that the moment matrix

Ya+ply pezk (M

be positive semidefinite, that is, L(p2) > 0 for all p. This condition is sufficient only under special
circumstances, for instance, when every positive polynomial can be written as a sum of squares, as
occurs when k=1 (Pdlya and Szego, 1976, §6.6) and again when (1) has finite rank, since in that
case the functional L is finitely atomic, i.e., a linear combination of finitely many shifts of § and its
derivatives (Laurent and Rostalski, 2012, Theorem 7).

Finitely atomic measures and their moment matrices are the subject of the truncated moment
problem of Curto and Fialkow (1996), who address when such a measure is determined by finitely
many of its moments. To be precise, Curto and Fialkow work in C¥ and study the relationship between
the complex moment matrix

Va,p = /}'co‘xﬂ du , (2)
Ck a,ﬁeZ’_j_

its submatrices of the form

[ya»ﬂ]m,\mgn’ (3)

and the size of the support of . One of their main results is that if the positive semidefinite (3) can
be extended flatly, meaning without increasing its rank, to a positive semidefinite

[Ver.6] 1,161 <01

then the later has a unique, positive semidefinite, flat extension (2) and a finitely-atomic representing
measure i, and the rank of the matrix equals the cardinality of the measure’s support.

Curto and Fialkow’s flat extension theorem in the special case when C is replaced by R is gener-
alized by Laurent and Mourrain (2009). Working with moment matrices of the form (1), they replace
C by any field F and do not require moment matrices to be positive semidefinite. They then prove
that if the finite set C C ZX is connected to one, meaning

C#0,anda e C\ 0= o —ej € C for some j, (4)
and if

[Yarpla,pec (5)

can be flatly extended to

[J’a+ﬂ]a.ﬁec+ (6)
where

CT:=CUf{a+ej:aeC,j=1:k}
and ej € F¥ is the vector given by

(ej)i=dij, i, j=1:k, (7)

then (6) has a unique flat extension (1). In case F is R, if (6) is positive semidefinite, then so is (1).
(To be consistent with Laurent and Mourrain, we’ll say that the monomial space IT¢ := span{x“ :
« € C} is connected to one if the set C C Z’fF is connected to one.)
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