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In this work we present the construction of evaluation codes 
defined from data coming from a tower of function fields. We use 
tools from Gröbner basis theory to calculate the dimension and 
find a lower bound for the minimum distance of these codes.
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1. Introduction

Gröbner bases were introduced in 1965 by Bruno Buchberger in his PhD thesis (Buchberger, 1965), 
to find a basis for the quotient ring K [X1, . . . , Xn]/I as a K -vector space – here, I is an ideal of 
K [X1, . . . , Xn]. Since then, they have found a plethora of applications in commutative algebra and 
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algebraic geometry. In this note we would like to show how to use them to find information on a 
given tower of function fields.

Let Fq be the finite field with q elements. A tower of function fields is an infinite chain of func-
tion fields of one variable F0 � F1 � F2 � · · · , defined over Fq (which we assume to be the full 
field of constants in the extension Fi/Fq for all i ≥ 0), such that the extension Fi+1/Fi is finite 
and separable for all i ≥ 0 and g(Fi) → ∞ as i → ∞, where g(Fi) is the genus of the function 
field Fi . The systematic study of such towers was initiated by A. Garcia and H. Stichtenoth in mid 
90’s motivated by applications to coding theory. A common application of such study is to de-
termine, for each i ≥ 0 the number of rational places of Fi , and then apply Goppa’s theory to 
produce codes, usually supported in one point (see e.g. Blake et al., 1998; Hasegawa et al., 2006;
Voss and Høholdt, 1997).

In our work we take another approach to produce codes from a tower of function fields. We work 
with recursive towers, meaning that Fi = Fq(x0, . . . , xi) for i ≥ 0 (hence Fi = Fi−1(xi) for i > 0) and 
there exists an irreducible polynomial in two variables h ∈ Fq[X, Y ] such that h(xi−1, xi) = 0 for all 
i > 0. The ideal Ii ⊂ Fq[X0, . . . , Xi] generated by h(X0, X1), . . . , h(Xi−1, Xi) defines an affine curve 
Xi ⊂ Ai+1(Fq) for each i > 0. Fixing a non-negative integer d we produce an “affine variety code” 
(a type of code introduced by Fitzgerald and Lax, 1998) in the following way.

Let i > 0 and let {P1, . . . , Pm} be pairwise distinct Fq rational points on the curve Xi . Set

Ĩ i = Ii + 〈Xq
0 − X0, . . . , Xq

i − Xi〉,
in Fitzgerald and Lax (1998, Section 1) (see also Carvalho, 2015, Prop. 3.7) it is shown that the evalu-
ation morphism

ϕ : Fq[X0, . . . , Xi]/ Ĩ i −→ Fm
q

f + Ĩ i 	−→ ( f (P1), . . . , f (Pm))

is an isomorphism of Fq vector spaces, in particular Ĩ i is the set of all polynomials in Fq[X0, . . . , Xi]
vanishing on all points of Xi . For an integer d ≥ 0 let

Li(d) := { f + Ĩ i | f = 0 or deg( f ) ≤ d},
clearly Li(d) is an Fq-vector subspace of Fq[X0, . . . , Xi]/ Ĩ i .

Definition 1.1. The image ϕ(Li(d)) =: Ci(d) is called the Reed–Muller type code of order d associated 
to Ii .

In what follows we want to determine the parameters of Ci(d), for all i > 0 and all d ≥ 0. We will 
do this by using tools coming from Gröbner bases theory. We use specially results on the so called 
footprint of an ideal. In the next section we present the concept of footprint and some basic results 
that will be needed throughout the paper. In Section 3 we work with a specific tower and show how 
to use Gröbner basis techniques to find the number of points of the affine curve Xi , for i ≥ 0, which 
is the length of code defined above. The same techniques are used to calculate the dimension of the 
code and obtain a lower bound for its minimum distance.

2. Tools from Gröbner bases theory

Let K be a field and let � be a monomial order defined on the set M of monomials of the 
polynomial ring K [X1, . . . , Xn], i.e. � is a total order on M, 1 � M for any monomial M , and if 
M1 � M2 then MM1 � MM2 for all M ∈ M. The largest monomial in a non-zero polynomial f is 
called the leading monomial of f and is denoted by lm( f ).

Definition 2.1. Let I be an ideal of K [X1, . . . , Xn]. A set {g1, . . . , gs} ⊂ I is a Gröbner basis for I (with 
respect to �) if for every f ∈ I , f �= 0, we have that lm( f ) is a multiple of lm(gi) for some i ∈
{1, . . . , s}.
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