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Jacobi theta functions with c(iy, iz, 1i3,i4) € K[®], where K is a computable field and
Modular forms O = {9{2"*”(0|r): keN} U {9}2“(0\@: ke N and j=2,3,4}.

Algorithmic zero-recognition We give two algorithms that solve this problem. The second
Computer algebra

Automatic proving of special function algorithm is simpler and works in a restrlcted input .class.
identities © 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Our ultimate goal is to develop computer-assisted treatment for identities among Jacobi theta func-
tions, namely, to automatize the proving procedures of relations and the discovery of relations.
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Let us recall the definition of Jacobi theta functions 6;(z|7) (j=1,...,4):

Definition 1.1. (DLMF, 2015, 20.2(i)) Let T e H:={z € C: Im(z) > 0} and q :=e™7, then

61(2.9):=01(217) =2 ) (=" sin(@n + 1)2)
n=0

o0
62(z,q) :=02(2|7) :=2 Zq(“%)z cos((2n +1)2),
n=0

o0
03(z,q) :=03(z|]t) ;=142 Zq”z cos(2nz),

n=1

04(2,q) :=04(z|T) ;=142 X:(—l)"q”2 cos(2nz).

n=1

As a first step towards the goal we mentioned in the beginning, in Ye (2017) we provided an
algorithm to prove identities involving the derivatives of 6(z|t) (j =1, 2, 3, 4), in particular, involving

ko,
0 =010IT):=—L@zn)| . keN={0,1.2,...}.
azk

z=0

For example, Algorithm 5.11 of Ye (2017) can assist us to prove identities like
0505 — 3(65)% — 2620504 =0
from Rademacher (1973, (93.22)),
o eg;>2 AV A
—=3l—=) +2———=—)|——-—]=0
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from Rademacher (1973, (93.7)), where «, 8, y =2, 3,4, and

3)
o _ % 05 04,
91’ 6o 63 04
from Lawden (1989, p. 22).
More generally, in Ye (2017) we showed that this algorithm can do zero-recognition on any func-
tion in K[®], which is the K-algebra generated by

0:= {9](2"“>(0|r) ke N} U {9}2")(0|r) .keNand j=23, 4} :

where K C C is an effectively computable field which contains all the complex constants we need
(ie., i, e7i/4 etc.). The reason why we omit 91(’“)(0|1:) when k; € 2N, and omit 62 (07) (m=2,3,4)
when k; € 2N + 1 is that by Definition 1.1 these are equal to zero.

In this article we extend the function space K[®] to

Ry :=K[O][61(z|7), 62(2]T), 63(2|T), O4(2|T)],

which is the K[®]-algebra generated by 01(z|t), 62(z|T), 03(z|T) and 64(z|T). In particular, we solve
the following problem algorithmically:

Problem 1.1. Given f € Ry, decide whether f =0.
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