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a b s t r a c t 

It is well known that graph simulation and bisimulation can capture the semantics of graphs, described 

by the type and attribute of the nodes and edges. Graph pattern matching via simulation has been widely 

used in a variety of applications such as social network. Recently, some works have investigated the 

personality of graph simulation. Intuitively, the personality allows each node or edge to have different 

strengths of matching conditions, which are typically restricted by the similarity of nodes or edges in 

graphs. Motivated by the notion of k -limited bisimilarity, which was proposed by Milner to measure the 

similarity of nodes in the neighbouring subgraphs, and some examples in practice, we employ the notion 

of k -limited similarity, a weaker version of k -limited bisimilarity, to revisit graph pattern matching in this 

paper. After establishing the framework for the graph pattern matching via limited simulation, we give an 

efficient algorithm to compute the maximum match for limited simulation and analyze its computational 

complexity. To evaluate the algorithm, a group of experiments are conducted for limited simulation and 

graph simulation. As an extension of limited simulation, we also consider the notion of limited bisimula- 

tion for graph pattern matching, and unfortunately, we find that the graph pattern matching via limited 

bisimulation is NP-hard. 

© 2017 Elsevier B.V. All rights reserved. 

1. Introduction 

Graph pattern matching plays an increasingly important role in 

a variety of applications, e.g., artificial intelligence, electronics, in- 

formation sciences, graph theory, machine learning, and data min- 

ing [1–3] . Given a graph as the pattern and another graph as the 

data graph, the problem of graph pattern matching is to find the 

matches for the pattern in the data graph. Subgraph isomorphism 

is typically viewed as the structure based graph pattern matching 

[1,4] . However, it is NP-complete [5] . Moreover, such a method fails 

to capture the semantics of graphs, which is represented by the 

type and attribute of the nodes and edges. The notion of bisimu- 

lation, proposed by Milner [6] , has been widely applied in concur- 

rency systems, and it is able to capture the semantics of graphs. 

However, the graph pattern matching via bisimulation is also NP- 

complete [7] . Fortunately, graph simulation [6] , which is close to 

but weaker than bisimulation, can capture the semantics of graphs 

to a certain extent and can be solved in polynomial time [8] . 

Graph simulation has been utilized to find meaningful matches 

in data graphs or optimize the structures of graph queries for 

database [9–12] . There are works that extend graph simulation to 
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face specific requirements. For example, bounded simulation maps 

edges in a pattern to paths in a data graph [13] , rather than edge- 

to-edge mapping. Fan et al. [14] added regular expressions into 

a pattern graph in order to restrict the label sequence of a path 

in a data graph. They also studied the incremental algorithms for 

graph simulation, bounded simulation, and subgraph isomorphism, 

and gave some important results about incremental graph pattern 

matching. Different from that graph simulation preserves the same 

label and child relationship for a pattern graph in its matches, 

Ma et al. [15] proposed the dual simulation to preserve the par- 

ent relationship. The graph simulation has also been adopted in 

distributed graph pattern matching [16,17] . For example, Ma et el. 

[16] investigated the distributed algorithms and optimization tech- 

niques for graph simulation. They gave an analysis of several dis- 

tributed algorithms for graph pattern matching. The possibility and 

impossibility of distributed graph simulation have also been stud- 

ied in [18] . Some adapted versions of graph simulation have been 

used to find matches for patterns in social network [10] . 

Graph pattern matching is often based on the similarity of 

nodes, which is an important notion in a great number of ap- 

plications about information network [19] . In particular, Milner 

[20] proposed the notion of k -limited bisimilarity (also known as 

k -bisimilarity). The notion has been widely adopted in concurrent 

systems and logics [21–25] . To decide the k -limited bisimilarity of 

two nodes, only nodes and edges that are close to the nodes will 
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be considered, rather than the complete graph. There are also a 

number of works that apply the k -limited bisimilarity to node set 

partitioning and summary for graph structured documents [26–

29] . For example, Luo et al. [26] used the notion of k -limited bisim- 

ilarity to partition the node set, by restricting that two nodes are in 

the same block iff they are k -limited bisimilar to each other. Sev- 

eral distributed algorithms are presented in their work to compute 

the blocks. 

It seems that the notion of k -limited bisimilarity can be natu- 

rally used to measure the similarity of influence range of individu- 

als in a social network and the influenced area of news in an infor- 

mation network. But there is no such work that uses the notion in 

graph pattern matching. In this paper, we revisit the graph pattern 

matching with limited bisimulation, which is based on k -limited 

bisimilarity. Unfortunately, we find that graph pattern matching via 

limited bisimulation is NP-hard. Thus, the paper mainly focuses on 

the notion of limited simulation, which is based on k -limited sim- 

ilarity, a weaker version of k -limited bisimilarity. Each node in a 

pattern graph that we consider has a weight, which might be a 

natural number k or infinity. Such a weight maps each node in the 

pattern to a neighbouring subgraph centered at the node consist- 

ing of all nodes and edges that are close to the node. Intuitively, 

it can be used to measure the sphere of authority of a manager 

and the infected area of an epidemic disease. To decide whether a 

node v is a match for a node u in a pattern via limited simulation, 

the neighbouring subgraph centered at v in the data graph is con- 

sidered, instead of the complete data graph. Since the weight of 

each node might be different, the matching approach to k -limited 

similarity or k -limited bisimilarity is personalized. 

For limited simulation, not only the k -limited similarity is 

adopted, but the edge label is considered. The type of relationship 

between nodes is often a very important property of nodes. We il- 

lustrate the motivation of graph pattern matching via limited sim- 

ulation by examples in practice, with which we show that limited 

simulation is able to find more meaningful matches than graph 

simulation and seems applicable to graphs in many problem do- 

mains such as social network and information network. With the 

fast development of the technology of Big Data and Artificial In- 

telligence, the personalized features of nodes in pattern graphs be- 

come very important in graph-based applications [30] , which how- 

ever, are difficult to be captured by the traditional approaches of 

graph pattern matching. For example, consider a start-up company 

which wants to recruit a team to develop new products, where 

both the professional skills and the cooperation among the mem- 

bers are expected in the team. In such cases, limited simulation 

can capture the influence of each member, which is crucial for 

teamwork. We also prove that graph simulation is a special case of 

limited simulation. In order to compute the matches of a pattern 

graph in a data graph, we study the properties of k -limited sim- 

ilarity and limited simulation. We provide an efficient algorithm 

to compute the maximum match and analyze its computational 

complexity, where the algorithm shows that the computation can 

be completed in polynomial time. Since limited simulation is not 

much harder than graph simulation, the method is feasible in the 

applications of graph simulation with little additional cost. To eval- 

uate the algorithm, we conduct an experimental study with real- 

life data. The experiments show that the algorithm is efficient, and 

that the weight of node significantly influences the size of match. 

On the other hand, due to the NP-hardness of limited bisimulation, 

we do not develop an algorithm for it in the paper. 

In the literature, there are works that add restrictions on 

matching conditions or area to be considered in a data graph for 

graph simulation. For instance, Ma et al. [15] proposed a strong 

simulation to restrict the locality of the match in the data graph. 

Cao et al. [31] introduced the boundedness for pattern graphs. 

They required matches to be contained in a subgraph, which re- 

stricts the number of nodes and edges to be considered. But still, 

whether a certain node in a data graph is a match for a node in 

the pattern graph is influenced by all the nodes and edges in the 

subgraph. Compared to their works, our work differs at that, the 

range of a data graph to be considered is determined by the node 

weight when deciding the similarity between nodes. There are also 

works that investigate the personalized matching conditions for 

nodes. Sokolsky et al. [32] proposed mq-simulation to give each 

node different conditions. Their work is for rooted graphs, and the 

similarity is decided by the most similar paths started with the 

nodes. However, the limited similarity in our work is decided by 

all the nodes and edges in the neighbouring subgraphs. The chang- 

ing semantics of the graphs has been studied by recent works. For 

example, Xuan et al. [33] identified the different levels of seman- 

tic uncertainty in keywords network of webpages based on Key- 

word Association Linked Network [34] . They constructed a seman- 

tic pyramid to express the uncertainty hierarchy of a web event, 

with which the effect of webpage recommendation might be im- 

proved. 

The paper is organized as follows. In Section 2 , we review the 

basic notions of graph theory, subgraph bisimulation, and graph 

simulation. The notion of k -limited similarity and limited simula- 

tion is defined in Section 3 . An algorithm is presented and exper- 

imentally studied in Sections 4 and 5 , respectively. In Section 6 , 

we define the notion of limited bisimulation and analyze the com- 

plexity of the graph pattern matching via limited bisimulation. The 

paper is concluded in Section 7 . 

2. Preliminaries 

In this section, we review the basic notions of graph and pat- 

tern in Section 2.1 . We then introduce the problem of subgraph 

bisimulation and graph simulation for the traditional graph pattern 

matching in Section 2.2 . 

2.1. Data graphs and pattern graphs 

We denote a graph by G = (V, E) , where V is the node set and 

E is the edge set [35] . Let �V be a finite set of node labels, and �E 

be a finite set of edge labels. Label sets �V and �E denote all pos- 

sible attributes of nodes and edges, respectively. A data graph is a 

directed node-labeled and edge-labeled graph specified as follows. 

Definition 2.1 [26] . A data graph is a directed graph G = 

(V, E, f V , f E ) , where 

(1) V is a finite set of nodes; 

(2) E ⊆V × V is a finite set of edges, in which ( v, v ′ ) ∈ E denotes 

an edge from nodes v to v ′ ; 
(3) f V is a function that maps each node v ∈ V to a node label 

f V ( v ) in �V ; 

(4) f E is a function that maps each edge e ∈ E to an edge label 

f E ( e ) in �E . 

Intuitively, the node label function f V specifies the attributes of 

nodes, such as labels, keywords, social positions, and ratings [16] ; 

the edge label function f E specifies the attributes of edges, such as 

relation types and information flow. 

A subgraph of a data graph G is another data graph formed by 

some nodes and edges of G . The formal definition of the subgraph 

of a data graph is as follows. 

Definition 2.2 [35] . Given two data graphs G = (V, E, f V , f E ) and 

G 

′ = (V ′ , E ′ , f V ′ , f E ′ ) , we say that G 

′ is a subgraph of G if 

(1) V 

′ ⊆V and E ′ ⊆E ; 

(2) for each node v ∈ V 

′ , f V ′ (v ) = f V (v ) ; 
(3) for each edge e ∈ E ′ , f E ′ (e ) = f E (e ) . 
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