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a b s t r a c t 

Centrality and influence spread are two of the most studied concepts in social network analysis. In recent 

years, centrality measures have attracted the attention of many researchers, generating a large and varied 

number of new studies about social network analysis and its applications. However, as far as we know, 

traditional models of influence spread have not yet been exhaustively used to define centrality measures 

according to the influence criteria. Most of the considered work in this topic is based on the independent 

cascade model. In this paper we explore the possibilities of the linear threshold model for the definition 

of centrality measures to be used on weighted and labeled social networks. We propose a new centrality 

measure to rank the users of the network, the Linear Threshold Rank (LTR), and a centralization measure 

to determine to what extent the entire network has a centralized structure, the Linear Threshold Central- 

ization (LTC). We appraise the viability of the approach through several case studies. We consider four 

different social networks to compare our new measures with two centrality measures based on relevance 

criteria and another centrality measure based on the independent cascade model. Our results show that 

our measures are useful for ranking actors and networks in a distinguishable way. 

© 2017 Elsevier B.V. All rights reserved. 

1. Introduction 

Centrality is one of the most studied concepts in social network 

analysis and it has been exhaustively studied at least since 1948 

[1] . A social network can be represented as a graph, whose nodes 

are the actors of the network, and the edges are interpersonal ties 

among the actors [2] . Sometimes, edges have associated weights 

representing the strength of each interpersonal tie. In this context, 

centrality measures aim to determine how structurally relevant is 

an actor within the social network. The most traditional central- 

ity measures, such as degree, closeness , and betweenness , are related 

with the topology of the graph. In these measures, an actor is con- 

sidered more central when it has a greater degree, or it is closer 

to the other actors, or it allows to interconnect the other actors in 

the network, respectively [3] . 

In recent years, the massive increment of Internet users has 

allowed the emergence of varied and complex social networks, 

which increases the need to create more sophisticated centrality 

measures based on new relevance classification criteria. Due to the 
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huge size of these networks, in terms of number of nodes and rela- 

tionships among them, it is necessary that the measures can be ef- 

ficiently computed. Nowadays, there are centrality measures based 

on how much information can be dispersed through the nodes of 

a network [4,5] , measures based on power indices of cooperative 

game theory [6–8] , measures based on machine learning and pre- 

dictive models [9] , among others. There are also measures specially 

created for specific social networks, e.g., for the Twitter network, 

more than seventy different centrality measures have been created 

only since 2010 [9] . 

Two of the most well-known relevance measures are the PageR- 

ank [10] and the Katz centrality [11] . Both measures are variants of 

the eigenvector centrality [12] . Identifying the relevance of users is 

particularly useful for many applications, such as viral marketing 

[13] , information propagation [14] , search strategies [15] , expertise 

recommendation [16] , community systems [17] , social customer re- 

lationship management [18] , and percolation theory [19] . Further- 

more, centrality measures can be used to identify the most active, 

popular, or influential users within a network [9] . 

The spread of influence models the ways in which actors influ- 

ence each other through their interactions in a social network. The 

nodes exert their influence through the graph. Once a set of actors 

adopt a new trend they may influence other actors to also adopt 

it. This is certainly an intuitive and well-known phenomenon in 
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social network analysis [20] . The most known general models for 

influence spread are the linear threshold model [21] and the inde- 

pendent cascade model [21] . The linear threshold model is based 

on some ideas of collective behavior [22,23] . The independent cas- 

cade model was proposed in the context of marketing [24] . Most 

of the research effort has been devoted to the study of the influ- 

ence maximization problem, under the linear threshold model and 

other models [25] . In this problem we attempt to find a set of k 

key actors that allow maximizing the influence spread among all 

sets of the same size. Indeed, the influence maximization prob- 

lem under the linear threshold model is NP-hard [13] . The stud- 

ies about derived centrality measures are scarce and consider only 

the independent cascade model [26–28] . Those rankings were pro- 

posed, and evaluated, to get good solutions to the influence max- 

imization problem. In this context, the focus lies in the set of the 

k higher ranked users and the amount of influence that they can 

exert together. 

So far we have mentioned centrality measures to rank the cen- 

tral users of the network. However, although less well known, 

there are also centralization measures, also known as hierarchi- 

cal measures [29] . These measures aim to determine to what ex- 

tent the entire network has a centralized structure. The most 

known centralization measure is the Freeman centralization , orig- 

inally called simply graph centrality [3] , that measures how central 

its most central node is in relation to how central all the other 

nodes are. It is a generic measure, so that each centrality measure 

can have its own associated centralization measure. Other mea- 

sures of centralization are the average clustering coefficient (ACC) 

[30] and variations. 

In this paper we want to analyze centrality measures based 

on the linear threshold model. We propose a new centrality mea- 

sure to rank the users of the network, the Linear Threshold Rank 

(LTR), and a centralization measure associated to the linear thresh- 

old model, the Linear Threshold Centralization (LTC). The LTR mea- 

sure can be interpreted as how much an actor can spread his influ- 

ence within a network, investing resources to be able to convince 

his immediate neighbors. This distinguishes this influence measure 

from other classical measures such as the degree centrality. In this 

measure, an actor with small degree might have a good ranking 

due to his neighbors. The LTC measure is related to the k-core , a 

notion introduced to study the clustering structure of social net- 

works [31] and to describe the evolution of random graphs [32] . 

The k -core has also been applied in bioinformatics [33,34] and net- 

work visualization [35] , and it is a key concept for the k-shell de- 

composition method. It is known that the k -shell predicts the out- 

come of spreading more reliably than other centrality measures 

like the degree or the betweenness [36] . 

We are interested in analyzing whether those new measures 

differ or not from other centrality measures based on relevance 

or influence. For doing so we fix our attention in two relevance 

measures: the PageRank and the Katz centrality. For an influence 

based centrality we consider a measure naturally derived from the 

independent cascade model, the Independent Cascade Rank (ICR) in- 

troduced in [37] . These centrality measures are implemented us- 

ing different approaches, so we also discuss the computational re- 

sources and the accuracy required by each algorithm. Our aim is to 

compare the different rankings as special purpose centrality mea- 

sure without having in mind the influence maximization problem 

as it was done with the independent cascade proposed measures. 

As centralization measures we consider the average clustering co- 

efficient and the local clustering coefficient. 

We evaluate the proposed centrality and centralization mea- 

sures on four social networks. Two of them are large networks: the 

Higgs network (directed) and the arXiv network (undirected) [38] . 

The other two are well known small networks: the Dining-table 

network (directed) [39,40] and the Dolphins social network (undi- 

rected) [41] . We correlate the four centrality measures by using 

both the Spearman and the Kendall correlation coefficients [42,43] . 

Table 5 summarizes the results. Each centrality measure provides a 

different centrality criteria except for the Dolphins social network 

where LTR, PageRank and Katz centrality tend to be similar. Ob- 

serve that LTR and ICR do not appear to be correlated in any of the 

networks. This fact indicates another structural difference among 

the two models of influence spread. As we will see, LTR measure 

is a useful measure for ranking actors in a distinguishable way. 

The paper is organized as follows. Section 2 briefly describes 

the related work regarding centrality and centralization measures 

for general social networks. Next section is devoted to influence 

graphs, which are social networks where the influence spread is 

exerted under the linear threshold model. Section 4 contains the 

main novelty of this paper, which is the definition of the new mea- 

sures of centrality and centralization. Section 5 shows our experi- 

mental setting. We compare all the previous defined measures in 

four different networks. Finally, the paper ends up presenting our 

main conclusions and several directions for future work. 

2. Preliminaries 

In this section we introduce some known centrality measures 

and give some intuition about how they work. We also explain 

how to correlate centrality measures. Finally, we introduce central- 

ization measures. 

In all what follows, we consider a social network as a graph 

G = (V, E) , where V ( G ) is the set of actors and E ( G ) is the set of 

edges of G . Sometimes we require a weighted graph ( G, w ), where 

G is a graph and w : E(G ) → N is a weight function which assigns a 

weight to every edge. Let us denote w ((i, j)) = w i j for any edge ( i, 

j ) ∈ E ( G ), n = | V | , and m = | E| . 

2.1. Centrality under relevance criteria 

A widely used measure related with relevance criteria is the 

eigenvector centrality [12] , which considers that an actor in the 

network is important if it is linked from other important actors or 

if it is highly linked. More formally, consider an adjacency matrix 

A , so that the elements ( a ij ) of A take a value 1 if actor or node i 

is connected to actor j , and 0 otherwise. The eigenvector centrality 

of an actor u , denoted by ev (u ) , is given by 

ev (u ) = 

1 

λ

∑ 

v ∈ V (G ) 

(a u v ) ev (v ) 

where λ is a constant called eigenvalue . 

The eigenvector centrality provides reasonable results only if 

the graph is highly connected, like in the case of undirected net- 

works with strongly connected components. In real directed net- 

works, we can obtain several vertices with a null eigenvector cen- 

trality, so the measure becomes useless. For instance, this is the 

case for the vertices that can reach strongly connected components 

but that are not reachable from them. 

Nevertheless, the Katz centrality [11] overcome this deficiency 

of the eigenvector centrality, by giving a small amount of centrality 

for free, regardless of the position of the actor in the network. The 

Katz centrality of an actor u , denoted by katz (u ) , is given by 

katz (u ) = α
∑ 

v ∈ V (G ) 

(a v u ) katz (v ) + β

where β is a constant which is independent of the network struc- 

ture, and α is called the damping factor , a number between 0 

and 

1 
λmax 

, where λmax is the largest eigenvalue of A . Note that 

when α = 

1 
λmax 

and β = 0 , if we calculate ev (u ) with λmax , then 

katz (u ) = ev (u ) . 
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