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Abstract

This paper explores exponential synchronization and phase locking of a Kuramoto-oscillator network with multi-harmonic

coupling functions. In the presence of pacemaker and distributed controllers, such a Kuramoto-oscillator network is a

multilayer system, and we present several conditions to achieve exponential synchronization and phase locking. We

estimate the lower bounds for the synchronization and phase locking rate of such a multilayer Kuramoto-oscillator

network. Finally an example of the multilayer system illustrates the effectiveness of the theoretical results.

Keywords: Exponential synchronization, phase locking, multilayer system, Kuramoto-oscillator, multi-harmonic

coupling function, pacemaker.

1. Introduction

Synchronization is one of the fundamental characteris-

tics to understand the self-organization phenomena [1–3]

in coupled oscillator networks, which can be observed in

many biological, physical and social systems with various

applications [4–10]. People may witness such phenomena

including chorus of crickets [1], flash of fireflies [2], unifi-

cation of brain signals [3], synchronous firing of a cardiac

pacemaker [4, 5], synchronous behaviors in the Josephson

junction array [6, 7], consensus behaviors in multi-agent
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systems [8, 9], and the rhythmic applause in the theater

[10].

Among these examples, the phase locking of oscilla-

tors is significant due to the oscillators behavior within

a certain span of frequencies. In simple organisms, for

example, the phase locking of circadian oscillations has

been reported for the cyanobacterial cells [11, 12]. Sim-

ilarly, the phase locking of the cell cycle progression has

been confirmed for the circadian mutation of organisms

[13]. Moreover, the phase locking has been shown to exist

for the auditory hair cell ribbon synapse by Multi-quantal

release [14, 15].

The Kuramoto model of coupled phase oscillators is

among the topics of general interest in the literature, and

has been regarded as a paradigmatic model describing and

explaining the transitions from incoherent to synchronous

states in the ensembles of coupled oscillators. The Ku-
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