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In this paper, we investigate a new model of complex networks with continuous dynamics and Boolean 

mechanism. Firstly, we give the expression of this new class of complex networks. Next, based on semi- 

tensor product technique and Lyapunov function, a criterion of globally exponential synchronization for 

the complex networks is given. Further, we take impulsive effects into consideration and establish corre- 

sponding conditions of globally exponential synchronization. Finally, examples are simulated to illustrate 

the effectiveness of the main obtained results. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

A complex network is a set of coupled nodes interconnected by 

edges, in which each node is a dynamical system. Since a large 

number of systems can be described by complex networks in na- 

ture, for example the world web, power grids, food webs and cel- 

lular networks, the research to complex networks has attached in- 

creasing attention from various fields [1–4] . Synchronization is an 

important collective behavior of complex networks which can be 

characterized by that all nodes achieve a uniform dynamical be- 

havior. A great deal of significant results with respect to synchro- 

nization of complex networks have been derived in the last two 

decades (see [5–10] and references therein) because of its poten- 

tial applications. 

In the view of complex networks, network topology certainly 

has significant effects on synchronization of nodes. As a com- 

mon case, linearly coupled networks have been widely applied 

and investigated in many areas, for example, [11–15] and refer- 

ences therein. In nature, the phenomena that abrupt changes occur 

at instants in evolution processes often appear in biological net- 

works and economic networks because of sudden external distur- 

bance or noise, such systems are described by impulsive systems, 
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which have been used in natural sciences and technology, see 

[16–20] and references therein. 

On the other hand, in the early 1960s, Jacob and Monod showed 

that there are a number of “regulatory” genes that act as switches 

in cell. These genes can turn one another on and off. This means 

a genetic network is of “on–off” type and the state of each gene is 

then determined by the states of its neighboring genes using log- 

ical rules [21] . Boolean network(BN), which was firstly introduced 

in [22] , can be used to describe this mechanism. As logical sys- 

tem, BN including logical operations is different from continuous 

dynamics. Subsequently, BN was developed by the authors in Refs. 

[23–28] to analyze and simulate cell networks. However, due to 

the difficulty to deal with logic operation, the mathematical anal- 

ysis was limited. In [29,30] , a powerful method called semi-tensor 

product (STP) was introduced which generalizes the conventional 

matrix product and can describe logical function precisely. With 

the help of STP, the research on Boolean networks has made great 

progress recent years, for example [31–36] and references therein. 

In the real world, continuous systems and logical systems 

aren’t always existed alone [37–39] . For example, we know that 

“regulation” genes act as switches, and have two admissible 

states “on” and “off”, the update of these genes follows Boolean 

mechanism, then one will consider this function “on–off” how 

to regulate other systems naturally. Therefore, this class of sys- 

tems consist of continuous dynamics and logical systems hold 

potential significance and worthy to be researched. However, most 

of existing results only consider one hand (continuous systems 
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or Boolean network), the concrete models of such systems and 

relevant theorem analysis are still rare. 

Motivated by these, in this paper, we construct an integrity in 

which two hands are considered and firstly establish a new model 

of complex network consists of continuous dynamics and Boolean 

mechanism. In this model, every node is made up of continuous 

part and logical part. The continuous part evolves in a differential 

equation composed of nonlinear system itself and linearly coupled 

function with other nodes. The logical part updates in a Boolean 

mechanism. What is more, the logical part can regulate the con- 

tinuous dynamics. That is, when logical part of a node is “on”, 

the continuous part is active. Otherwise, the evolution of contin- 

uous part is restrained. With the help of STP techniques, we give 

a criterion of globally exponential synchronization for the complex 

networks. Further, we take the impulsive effects into consideration 

and derive corresponding conditions of globally exponential syn- 

chronization. To the best of our knowledge, there has been no re- 

sult of such research. The study in this aspect is meaningful and 

challenging. 

The rest of this paper is organized as follows: in Section 2 , we 

establish a model of complex networks with continuous dynam- 

ics and Boolean mechanism, then average updating interval of log- 

ical part of complex network is introduced. In addition, the defini- 

tion of globally exponential synchronization of this class of com- 

plex networks is firstly given. In Section 3 , a criterion of globally 

exponential synchronization is provided and further we consider 

complex networks suffered by impulses. In Section 4 , examples 

are presented to illustrate our obtained main theoretical results. 

Finally, concluding remarks are given in Section 5 . 

2. Notations and preliminaries 

Let R 

n denotes the n -demensitional Euclidean space, R 

+ = 

[0 , + ∞ ) . For x (t) ∈ R 

n , ‖ x (t) ‖ = ( 
∑ n 

i =1 x 
2 
i 
) 

1 
2 is the norm of x ( t ). For 

a symmetric real matrix A, λmax ( A ) ( λmin ( A )) denotes the maximum 

(minimum) eigenvalue of A . Let �k = { δi 
k 
| i = 1 , 2 , . . . , k } , where δi 

k 
is the i th column of the identity matrix I k . We identify logical 

values with equivalent vectors as: on ∼ δ1 
2 , off ∼ δ2 

2 . A matrix 

L ∈ R 

m ×n is called a logical matrix if Col ( L ) ⊂�m 

. The set of m × n 

logical matrices is denoted by L m ×n . 

In this paper, we consider complex networks with continuous 

dynamics and Boolean mechanism, in which there are N nodes. Ev- 

ery node consists of continuous part and logical part. The contin- 

uous part evolves in a differential equation composed of nonlin- 

ear system itself and linearly coupled function with other nodes. 

The logical part updates in a Boolean mechanism. In addition, the 

logical part can regulate the continuous dynamics. That is, when 

logical part of a node is “on”, the continuous part is active. Oth- 

erwise, the evolution of continuous part is restrained. This class of 

complex networks can be expressed as follows: ⎧ ⎨ 

⎩ 

˙ x c 
i 
(t) = δ1 T 

2 x B 
i 
(t k ) f (t , x c 

i 
(t )) + α

N ∑ 

j=1 

a i j �x c 
j 
(t) , t ∈ [ t k , t k +1 ) , 

x B 
i 
(t k +1 ) = g i (x B 1 (t k ) , x 

B 
2 (t k ) , . . . , x 

B 
N (t k )) , 

(1) 

where i = 1 , 2 , . . . , N, t ∈ [ t k , t k +1 ) , x i (t) = [ x c 
i 
(t) , x B 

i 
(t k )] , 

x c 
i 
(t) is the continuous dynamical part of i th node, 

x c 
i 
(t) = [ x c 

i 1 
(t) , x c 

i 2 
(t ) , . . . , x c 

in 
(t )] T ∈ R 

n is its state at time t ; 

f : R 

+ × R 

n −→ R 

n is continuous map function, f (t, x c 
i 
(t)) = 

[ f 1 (t, x c 
i 
(t)) , . . . , f n (t, x c 

i 
(t))] T , we assume that there exist constant 

l > 0 such that | f k (t, y 1 ) − f k (t, y 2 ) | ≤ l| y 1 − y 2 | , for any y 1 , y 2 ∈ R , 

f k (t, 0) = 0 , (k = 1 , 2 , . . . , n ) , � = diag{ γ1 , γ2 , . . . , γn } > 0 is the 

inner coupling matrix between two connected nodes for all 

1 ≤ i, j ≤ N . Constant α > 0 is the coupling strength. The config- 

uration coupling matrix A = (a i j ) N×N is defined as follows: if 

there is a connection from node j to node i ( i 
 = j ), then a ij > 0, 

Fig. 1. Structure of complex network (1) with 3 nodes. 

otherwise, a i j = 0 , and the diagonal elements are defined as 

a ii = −∑ N 
j =1 , j 
 = i a i j , i = 1 , 2 , . . . , N. x B 

i 
(t k ) is the logical part of i th 

node, x B 
i 
(t k ) ∈ �2 , g i : �

N 
2 −→ �2 are logical functions. We assume 

that 0 < t 1 < t 2 < ��� < t k < ���, and t k → ∞ , as k → ∞ . At t = t k , the 

logical part of every node updates in a Boolean mechanism. 

For i th node, t ∈ [ t k , t k +1 ) , the continuous dynamical part x c 
i 
(t) 

is regulated by logical part x B 
i 
(t k ) . In fact, x B 

i 
(t k ) acts as a “on–off”

switch to x c 
i 
(t) , when x B 

i 
(t k ) = δ1 

2 , the switch is on, x c 
i 
(t) is active, 

otherwise the evolution of x c 
i 
(t) is refrained and only driven by 

linearly coupled function with other nodes. It can be described as 

follows: for ith node, t ∈ [ t k , t k +1 ) 

˙ x c i (t) = δ1 T 
2 x B i (t k ) f (t, x c i (t)) + α

N ∑ 

j=1 

a i j �x c j (t) 

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

f (t, x c 
i 
(t)) + α

N ∑ 

j=1 

a i j �x c 
j 
(t) , x B 

i 
(t k ) = δ1 

2 , 

α
N ∑ 

j=1 

a i j �x c 
j 
(t) , x B 

i 
(t k ) = δ2 

2 . 

What is more, for example, when N = 3 , A = 

( 

−1 0 1 

1 −2 1 

1 1 −2 

) 

, we 

show the structure of complex network (1) in Fig. 1 : 

Definition 1 [31] . For two matrices A ∈ R 

m ×n , B ∈ R 

p×q , the semi- 

tensor product of A and B is: 

A � B = (A � I α/n )(B � I α/p ) , 

where α = lcm (n, p) denotes the least common multiple, “�" rep- 

resents the Kronecker product of matrices. 

Lemma 1 [31] . Given a logical function f (p 1 , p 2 , . . . , p r ) ∈ �2 with 

logical variables p 1 , p 2 , . . . , p r ∈ �2 , there exists a unique 2 × 2 r ma- 

trix M f ∈ L m ×n , called the structure matrix of f, such that 

f (p 1 , p 2 , . . . , p r ) = M f � p 1 � p 2 � · · · � p r = M f � 

r 
i =1 p i . 

Moreover, Col ( M f ) ⊂�2 . We note that � 

r 
i =1 

p i ∈ �2 r . 

Lemma 2 [31] . Let p i , i = 1 , 2 , . . . , n, be logical variables in vector 

form, i,e., p i ∈ �2 . We define x = � 

n 
i =1 

p i . Then, p i , i = 1 , 2 , . . . , n, are 

uniquely determined by x. 

Inspired by the concept of average dwell time of switched sys- 

tem in [40] and average impulsive interval in [41] , we give a defi- 

nition on average updating interval of logical part of complex net- 

work (1) as follows: 

Definition 2. For Boolean dynamical part, let N ( T, t ) be the updat- 

ing numbers over the interval [ t, T ]. The average dwell interval of 

the updating sequence γ = { t 1 , t 2 , . . . } is equal to T a , if 

T − t 

T a 
− N 0 ≤ N(T , t) ≤ T − t 

T a 
+ N 0 , ∀ T ≥ t ≥ 0 , 

for N 0 > 0, T a > 0. 
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