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This paper deals with global synchronization of fractional complex networks with non-delayed and de- 

layed couplings. Applying fractional Razumikhin theorem, a simple quadratic Lyapunov function is con- 

structed and two linear matrix inequality (LMI) criteria on global synchronization are proposed. It is very 

convenient and efficient to check synchronization of the presented network models by using our pro- 

posed method. Finally, numerical simulations are given to show the efficiency of the obtained results. 
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1. Introduction 

During recent years, complex networks have attracted more 

and more attention due to the important and wide applications 

in various fields, many practical complex systems can be mod- 

eled by complex dynamical networks, such as World Wide Web 

[1] , biological networks [2] , gene networks [3] , neural networks 

[4–6] and so on. Synchronization as a most significant dynami- 

cal behavior among complex networks, has been a hot research 

topic and attracted increasing interest, a large number of impor- 

tant and meaningful works have been obtained [7–12] . However, 

the above works are concerned with integer-order dynamical net- 

works, many researches show that fractional derivative provides a 

more excellent instrument for the description of various materials 

and processes in comparison with classical integer-order derivative 

[13–15] . Recently, various kinds of synchronization including adap- 

tive synchronization [16,17] , pinning synchronization [18] , global 

synchronization [19] , projective synchronization [20,21] and impul- 

sive synchronization [22,23] have been extensively investigated. 

On the other hand, it should be mentioned that time delay 

is a universal phenomenon in many practical dynamical systems, 

time delay has important effect on dynamical behavior of sys- 

tems and even make system unstable. Due to the finite informa- 

tion transmission and processing speeds among nodes, time de- 

lay coupling will unavoidably occur in complex networks. It is 
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well known that Lyapunov stability theory is a most efficient ap- 

proach to analyze stability and synchronization of complex dynam- 

ical systems. In [24] , Liu et al. present an important inequality 

on Riemann–Liouville derivatives of quadratic functions which pro- 

vides a very useful and easy way to analyze stability of fractional 

systems. Based on the method presented in [24] , several stability 

criteria on fractional neutral and singular systems with delays are 

obtained [25,26] , Zhang et al. [27] investigate stability of a class of 

neutral delayed neural networks, several sufficient conditions are 

obtained in terms of matrix inequalities. However, in Caputo sense, 

stability analysis of fractional systems with time delay makes little 

progress since the composition property of Caputo calculus does 

not hold, that is, t 0 D 

p 
t 
( t 0 D 

q 
t 

f (t)) � = t 0 D 

p+ q 
t 

f (t) , where t 0 D 

α
t 

denotes 

Caputo derivative if α > 0 and denotes Riemann–Liouville integral 

if α < 0, which brings great difficulty in studying synchronization 

of Caputo fractional complex networks with delayed coupling. At 

present, comparison principle is an important instrument to han- 

dle synchronization problems of fractional complex networks with 

delayed coupling, for example, Liang et al. [28] investigate adaptive 

pinning synchronization in fractional-order uncertain complex dy- 

namical networks with delay, Wang et al. [29] discuss global sta- 

bility of fractional-order Hopfield neural networks with time de- 

lay, projective synchronization of fractional-order memristive neu- 

ral networks with switching jumps mismatch is studied in [30] . 

It is well known that that the key issue of using Lyapunov direct 

method is to select a suitable Lyapunov function for the consid- 

ered system. As far as we know, in Caputo sense, how to choose 

a proper Lyapunov function and obtain useful algebraic criteria on 
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stability and synchronization for a fractional nonlinear delayed sys- 

tem is still an open and extremely challenging problem. 

Motivated by the above results, this paper aims to investi- 

gate Caputo fractional complex networks with non-delayed and 

delayed couplings. Applying fractional Razumikhin theorem, a 

simple quadratic Lyapunov function is constructed and two linear 

matrix inequality (LMI) criteria on global synchronization are pro- 

posed. It is very convenient and efficient to check synchronization 

of the presented network models by using our proposed method. 

Moreover, the approach presented in this paper can be applied to 

general fractional complex networks with non-delayed coupling or 

with delayed coupling. Finally, numerical simulations are given to 

show the efficiency of the obtained results. 

2. Preliminaries 

In this section, some basic definitions of fractional calculus and 

important lemmas are introduced which will be needed later. 

Definition 2.1 [31] . The p -order Reimann–Liouville fractional inte- 

gral is defined as 

t 0 D 

−p 
t x (t) = 

1 

�(p) 

∫ t 

t 0 

(t − s ) p−1 x (s ) ds, p > 0 . (2.1) 

Definition 2.2 [31] . The q -order Caputo fractional derivative is de- 

fined as 

C 
t 0 

D 

q 

t 
f (t) = 

1 

�(n − q ) 

∫ t 

t 0 

f (n ) ( s ) 

( t − s ) q −n +1 
ds, n − 1 < q ≤ n. (2.2) 

Lemma 2.1 [32] . Let x ( t ) ∈ R 

n be a vector of differentiable function. 

Then the following relationship holds 

1 

2 

C 
t 0 

D 

q 
t (x T (t) P x (t)) ≤ x T (t) P C t 0 

D 

q 
t x (t) , 0 < q < 1 , (2.3) 

where P ∈ R 

n × n is a constant, square, symmetric and positive semi- 

definite matrix. 

Lemma 2.2 [33] . For any x, y ∈ R 

n , ε > 0, the inequality 2 x T y ≤
εx T x + 

1 
ε y 

T y holds. 

Let C =: C([ −r, 0] , R 

n ) denote the space of continuous functions 

on [ −r, 0] . 

Consider the following fractional delayed system 

C 
t 0 

D 

q 
t x (t) = f (t, x t ) , t ≥ t 0 , (2.4) 

where 0 < q ≤ 1 and x t (θ ) = x (t + θ ) , θ ∈ [ −r, 0] . 

Lemma 2.3 [34] . Suppose that f in (2.4) maps R ×
(bounded sets of C) into bounded sets in R 

n , and u, v, w: R 

+ → R 

+ 

are continuous nondecreasing functions, u ( s ) and v ( s ) are positive for 

s > 0, and u (0) = v (0) = 0 , v is strictly increasing. If there exist a 

continuous function V : R × R 

n → R and a continuous nondecreasing 

function p ( s ) > s for s > 0 such that for t ∈ R , x ∈ R 

n and ϕ ∈ C , 

u (‖ x ‖ ) ≤ V (t, x ) ≤ v (‖ x ‖ ) , (2.5) 

and 

C 
t 0 

D 

q 

t 
V (t, ϕ(0)) | (2 . 4) ≤ −w (‖ ϕ(0) ‖ ) i f V (t + θ, ϕ(θ )) 

≤ p(V (t, ϕ(0))) , (2.6) 

for θ ∈ [ −r, 0] and t ≥ t 0 , then the equilibrium point x = 0 of the sys- 

tem (2.4) is asymptotically stable. If u (s ) −→ ∞ as s −→ ∞ , then the 

solution x = 0 is also a global attractor. 

3. Main results 

In this section, we will present two sufficient conditions on 

global synchronization of fractional complex network with non- 

delayed and delayed couplings, the criteria are described in terms 

of linear matrix inequalities. 

Consider the following fractional complex network 

C 
t 0 

D 

q 

t 
x i (t) = f (x i (t ) , t ) + 

N ∑ 

j=1 

c i j Ax j (t) 

+ 

N ∑ 

j=1 

ˆ c i j ̂
 A x j (t − τ ) , i = 1 , 2 , . . . , N, (3.1) 

where 0 < q < 1, x i (t) = (x i 1 (t) , x i 2 (t ) , . . . , x in (t )) T ∈ R 

n is the state 

vector of the i th node, τ > 0 is a constant delay. A and 

ˆ A ∈ R 

n × n 

are the inner coupling matrices, and C = (c i j ) N×N 
(the entries of 

ˆ C = ( ̂ c i j ) N×N 
are defined similarly) are the coupling configuration 

matrices, in which c ij is defined as follows: if there is a direct con- 

nection from node i to j , then c ij > 0 ; otherwise, c i j = 0 , and the 

diagonal elements of matrix C are defined by c ii = −∑ N 
j =1 , j � = i c i j = 

−∑ N 
j =1 , j � = i c ji . 

Suppose that network (3.1) is connected, hence, matrices C and 

ˆ C are irreducible, which imply zero is the single eigenvalue of C 

and 

ˆ C , and the corresponding eigenvector is a scalar multiple of all 

one vector. Moreover, the eigenvalues of C and 

̂ C can be arranged 

as, respectively 

0 = λ1 > λ2 ≥ λ3 ≥ · · · ≥ λN , 0 = μ1 > μ2 ≥ μ3 ≥ · · · ≥ μN . 

(3.2) 

Definition 3.1. The fractional complex network (3.1) is said to 

achieve globally asymptotical synchronization if 

lim 

t→∞ 

‖ x i (t) − x j (t) ‖ = 0 , for any i, j = 1 , 2 , . . . , N, (3.3) 

for any initial conditions. 

Let x (t) = 

1 
N 

∑ N 
j=1 x j (t) , e i (t) = x i (t) − x (t) , i = 1 , 2 , . . . , N, one 

has from (3.1) 

C 
t 0 

D 

q 

t 
e i (t) = f (x i (t ) , t ) − f + 

N ∑ 

j=1 

c i j Ae j (t) 

+ 

N ∑ 

j=1 

ˆ c i j ̂
 A e j (t − τ ) , i = 1 , 2 , . . . , N, (3.4) 

where f = 

1 
N 

N ∑ 

j=1 

f (x j (t ) , t ) . 

To make system (3.1) achieve global synchronization, we need 

the following assumption. 

Assumption 3.1. Assume that there exist nonnegative constants L ij 
such that 

‖ f (x i (t ) , t ) − f (x j (t ) , t ) ‖ 

≤ L i j ‖ x i (t) − x j (t) ‖ , i � = j, i, j = 1 , 2 , . . . , N. (3.5) 

Theorem 3.1. Suppose that C ̂  C is symmetric and Assumptions 

3.1 holds, then the network (3.1) will achieve global synchronization 

if there exist positive definite, symmetric matrices P i and some scalar 

σ > 1 such that 

μ2 
i P i ̂

 A P −1 
i 

ˆ A 

T P i + λi P i A + λi A 

T P i + σP i + ηi I < 0 , i = 2 , 3 , . . . , N, 

(3.6) 

where ηi > 

4 L 
N (N − 1) ‖ P i ‖ , L = 

∑ N 
i =1 L i , L i = 

∑ N 
j=1 ,i � = j L i j . 

Proof. First, (3.4) can be rewritten in the following compact form 

£º

C 
t 0 

D 

q 

t 
e (t) = F (e (t ) , t ) + Ae (t) C T + 

ˆ A e (t − τ ) ̂  C T , (3.7) 

where e (t) = (e 1 (t) , e 2 (t ) , . . . , e N (t )) , F (e (t ) , t ) = ( f (x 1 (t)) −
f , f (x 2 (t)) − f , . . . , f (x N (t)) − f ) . 
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