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a b s t r a c t 

This study investigates the finite-time consensus problem of multi-agent systems with continuous time- 

varying interaction topology. A distributed consensus protocol is presented to make the multi-agent sys- 

tem locally or globally reach consensus in finite time. The protocol is also used to analyze finite-time 

consensus of the multi-agent systems with fixed topology or modified switching topology. Numerical 

simulations are presented to illustrate the effectiveness of the obtained results. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

The distributed control of multi-agent systems has recently 

gained increasing interest owing to its broad applications to bi- 

ology, physics, robotics, and control engineering. Typical examples 

include consensus problem [1] , tracking control [2] , formation con- 

trol [3] , flocking and swarming [4] . As one of the most typical col- 

lective behaviors in distributed control, the consensus problem is 

studied in this research. 

One of the main objectives in the research on consensus prob- 

lems is to design appropriate protocol or algorithm to guar- 

antee the consensus of multi-agent systems. Studies have been 

conducted about both single-integrator dynamics and double- 

integrator dynamics. On the one hand, in view of first-order sys- 

tem, linear and nonlinear consensus protocols for the networks of 

dynamic agents with communication time-delays are introduced 

by Olfati-Saber and Murray [5] . They also discuss the consensus 

problems for networks of dynamic agents in more cases including 

directed networks with fixed topology or switching topology, and 

undirected networks with communication time-delays and fixed 

topology [1] . Other protocols are proposed for nonlinear stochastic 

dynamical networks [6,7] , fractional-order systems [8,9] , discrete- 

time multi-agent systems [10–13] , impulsive systems [14] and so 

on. On the other hand, considering many practical multi-agent 
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models, consensus for second-order dynamics has also been stud- 

ied from various perspectives [15–22] . 

The above-mentioned consensus protocols of multi-agent sys- 

tems are asymptotic consensus protocols, that is, their conver- 

gence time are infinite [5–22] . To improve the convergence rate, 

finite-time consensus which means the states of the agents can 

reach consensus in finite time, has drawn considerable atten- 

tions of researchers. Compared with consensus protocols, finite- 

time consensus protocols are more desirable, not only because 

of their faster convergence, but also their better performance in 

the presence of disturbances and uncertainties. Various finite- 

time consensus protocols have been proposed based on the the- 

ory of finite-time stability [23] . Cortés provides a class of dis- 

continuous algorithms for the finite-time consensus of multi- 

agent systems with time-invariant or switching topology [24] . For 

discrete-time systems, Sundaram and Hadjicostis give a finite- 

time consensus algorithm that is built on the global informa- 

tion of interaction topology [25] . Wang and Xiao propose two 

finite-time consensus protocols for multi-agent systems with dy- 

namic agents and address finite-time consensus problems un- 

der the conditions of time-invariant topology or switching undi- 

rected topology [26] . Wang and Hong construct several distributed 

finite-time consensus rules for multi-agent dynamics and con- 

sider finite-time χ-consensus problem for a multi-agent system 

with first-order individual dynamics and switching interaction 

topologies [27] . Zheng and Wang investigate finite-time consen- 

sus of heterogeneous multi-agent systems [28] . Liu et al. de- 

sign a switching consensus protocol such that the finite-time 
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consensus on a fixed directed interaction graph can be achieved 

in faster speed [29] . 

The present paper focuses on the design and analysis of dis- 

tributed finite-time consensus protocols for multi-agent systems 

over fixed and switching topologies. In practice, on the one hand, 

the topology of multi-agent systems is complex, may not necessar- 

ily be fixed or switching. And on the other hand, the movement of 

the agents may lead the graph topology changing with time. There- 

fore, it is important to consider multi-agent systems with contin- 

uous time-varying interaction topology. However, few studies have 

been conducted on these systems, and these few results are about 

consensus. And there are no results about finite-time consensus of 

multi-agent systems with continuous time-varying topology. To fill 

this vacancy, this paper proposes a protocol for this multi-agent 

systems. The protocol in this paper is designed in a general form 

and ensures that the multi-agent systems possesses continuous 

time-varying undirected interaction topology. The protocol is ex- 

pected to contain types of practical distributed protocols as its spe- 

cial cases, such as the protocols for the multi-agent systems with 

fixed topology or switching topology. 

This paper is organized as follows. Section 2 presents the useful 

notions and results about graph theory and the lemma for finite- 

time convergence analysis. Section 3 formulates the finite-time 

consensus problem and designs the protocol. Section 4 studies the 

finite-time consensus problem under the protocol and applies the 

obtained results to the multi-agent system with fixed topology or 

modified switching topology. Section 5 gives two simulations. 

2. Preliminaries 

In this paper, a weighted undirected graph will be used to 

model the undirected interaction topology among agents. 

In general, an undirected graph G consists of a vertex set 

V(G) = { v 1 , v 2 , . . . , v n } and an edge set E(G) ⊆ { (v i , v j ) : v i , v j ∈ 

V(G) } , where ( v i , v j ) denotes an unordered pair of vertices v i , v j . 

A weighted undirected graph G(A ) is an undirected graph G with a 

non-negative and symmetric weight matrix A = (a i j ) ∈ R 

n ×n , such 

that (v i , v j ) ∈ E(G) if and only if a i j = a ji > 0 , i.e., a i j = a ji > 0 is 

the weight of edge (v i , v j ) ∈ E(G) and a i j = a ji = 0 implies that 

(v i , v j ) / ∈ E(G) . 

An undirected graph G s is a subgraph of G if V(G s ) ⊆ V(G) and 

E(G s ) ⊆ E(G) . A subgraph G s with V(G s ) = V(G) is called a span- 

ning subgraph of G. In G, a path from v i 0 to v i k is a sequence 

v i 0 , v i 1 , . . . , v i k of finite distinct vertices such that (v i j , v i j+1 
) ∈ E(G) 

for all j = 0 , 1 , 2 , . . . , k − 1 . If a sequence v i 0 , v i 1 , . . . , v i k of finite 

distinct vertices is a path in G from v i 0 to v i k denoted by P and 

(v i k , v i 0 ) ∈ E(G) is different from all the edges in P , then the se- 

quence v i 0 , v i 1 , . . . , v i k , v i 0 of finite vertices is called a cycle in G. 

If there is a path from any vertex to any other one in G, then G is 

connected. A tree is a connected undirected graph that contains no 

cycles. A spanning tree of G is a spanning subgraph that is a tree. 

Following result about the undirected graph is important to our 

main results. 

Lemma 1 [30] . Suppose that G is an undirected graph. Then the fol- 

lowing results hold. 

(i) If G is connected, then G has a spanning tree. 

(ii) If G is a tree, then |E(G) | = |V(G) | − 1 and there is a unique 

path from any vertex to any other one in G. 

Next, another lemma is given for finite-time convergence anal- 

ysis. 

Consider the following p -dimensional system: 

˙ x (t) = f (t , x (t )) , (1) 

where f : [0 , + ∞ ) × R 

p → R 

p is continuous on its domain and f ( t , 

0) ≡ 0. According to the Existence Theorem of Peano , there exists a 

sufficiently small positive number τ and a solution x : (−τ, τ ) → 

R 

p of (1) such that x (0) = x 0 for each x 0 ∈ R 

p , and every solution 

of (1) has an extension that is right maximally defined. 

Suppose V : [0 , + ∞ ) × R 

p → R is a continuous function. If V is 

continuously differentiable on its domain, then the derivative of V 

is defined along the solutions of (1) as [31, p. 324] 

˙ V 

∣∣
(1) 

(t, x ) = 

∂ V (t, x ) 

∂t 
+ 

∂ V (t, x ) 

∂x 
f (t, x ) . (2) 

Let r : R → R be a continuous function, then r ∈ R if the follow- 

ing two statements hold. 

(A1) r(0) = 0 . 

(A2) when x � = 0, xr ( x ) < 0 and 

∫ 0 
x 

1 
r(u ) 

d u < + ∞ . 

Lemma 2. Assume that there exist three continuous functions V : 

[0 , + ∞ ) × R 

p → R , c : [0 , + ∞ ) → R and r : R → R such that the fol- 

lowing three statements hold. 

(B1) V is continuously differentiable satisfying that V ( t , 0) ≡ 0, V ( t, 

x ) > 0 for all x � = 0, and V (t, x ) → + ∞ as ‖ x ‖→ + ∞ . 

(B2) c is non-negative and r ∈ R . 

(B3) ˙ V 
∣∣
(1) 

(t, x ) ≤ c(t ) r(V (t , x )) , (t, x ) ∈ [0 , + ∞ ) × R 

p . 

Then for every x 0 ∈ R 

p , any right maximally solution x ( t ) of 

(1) with x (0) = x 0 , it is established that 

(i) if there exists T > 0 such that 
∫ T 

0 c(τ )d τ > 0 , for any x 0 

when 
∫ 0 

V (0 ,x 0 ) 
d u 

r(u ) 
≤ ∫ T 

0 c(τ )d τ, x (t) = 0 for all t that satisfies ∫ t 
0 c(τ )d τ ≥ ∫ 0 

V (0 ,x 0 ) 
d u 

r(u ) 
, then x (t) = 0 is local finite-time sta- 

ble. 

(ii) if 
∫ + ∞ 

0 c(τ )d τ = + ∞ , x (t) = 0 for all t that satisfies ∫ t 
0 c(τ )d τ ≥ ∫ 0 

V (0 ,x 0 ) 
d u 

r(u ) 
, then x (t) = 0 is global finite-time 

stable. 

Proof. Suppose that x 0 ∈ R 

p and any right maximally defined solu- 

tion x ( t ) of (1) satisfying x (0) = x 0 is defined on [0 , τx 0 ) . It can be 

shown that ˙ V 
∣∣
(1) 

(t, x ) ≤ 0 . This implies that V ( t, x ( t )) ≤ V (0, x 0 ) for 

all t ∈ [0 , τx 0 ) . If τx 0 < + ∞ , then by the Extension Theorem of So- 

lution, ‖ x (t) ‖→ + ∞ as t → τ−
x 0 

, and moreover, V (t, x (t)) → + ∞ 

as t → τ−
x 0 

, this is contradiction to V ( t, x ( t )) ≤ V (0, x 0 ) for all t ∈ 

[0 , τx 0 ) . Thus, x ( t ) is defined on [0 , + ∞ ) . By formula (2) and state- 

ment (B3), 

d V (t, x (t)) 

d t 
≤ c(t) r(V (t, x (t))) , t ∈ [0 , + ∞ ) . 

If x 0 = 0 , then x ( t ) ≡ 0. Suppose that x 0 � = 0 and 

∫ 0 
V (0 ,x 0 ) 

d u 
r(u ) 

≤∫ T 
0 c(τ )d τ . If x ( t ) � = 0 for all t ∈ [0 , + ∞ ) , then ∫ 0 

V (0 ,x 0 ) 

d u 

r(u ) 
> 

∫ V (t,x (t)) 

V (0 ,x 0 ) 

d u 

r(u ) 
= 

∫ t 

0 

d V (τ, x (τ )) 

r(V (τ, x (τ ))) 
≥

∫ t 

0 

c(τ )d τ , 

for all t ∈ [0 , + ∞ ) , and moreover, 
∫ 0 

V (0 ,x 0 ) 
d u 

r(u ) 
> 

∫ T 
0 c(τ )d τ . This is 

a contradiction. Thus, there exists t ∈ [0 , + ∞ ) such that x (t) = 0 . 

Let 

ˆ t = inf { t ∈ [0 , + ∞ ) : x (t) = 0 } . 
Then 

ˆ t > 0 , x ( ̂ t ) = 0 and x ( t ) � = 0 for all t ∈ [0 , ̂  t ) . It is easy to 

obtain that x (t) = 0 for all t ≥ ˆ t , and 

∫ 0 
V (0 ,x 0 ) 

d u 
r(u ) 

≥ ∫ ˆ t 
0 c(τ )d τ . If ∫ t 

0 c(τ )d τ ≥ ∫ 0 
V (0 ,x 0 ) 

d u 
r(u ) 

, then t ≥ ˆ t and thus, x (t) = 0 . This prove 

(i). 

(ii) can be proved in the same way. �

Lemma 2 provides an method to solve the problem of 

finite-time stable of non-autonomous systems which is different 

from the commonly finite-time stable theorem. The results of 

Lemma 2 is more general, and the results may be more relaxed. 

Since our main work is to study finite-time consensus problem 

of multi-agent system with continuous time-varying interaction 

topology, we do not elaborate on it. 
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