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a b s t r a c t

The event-triggered sampling control scheme is motivated by applications of embedded microprocessors with
limited computation and storage resources. This paper proposes a novel framework for consensus of multia-
gent systems with inherent nonlinear dynamics in general directed networks by a distributed event-triggered
control mechanism. A kind of high-performance event which effectively avoids continuous communications
among agents is designed to analytically determine when an agent should sample its current state. Two kinds
of general algebraic connectivity are introduced to respectively investigate the global consensus in strongly
connected networks and a class of networks containing directed spanning trees. Sufficient conditions are
derived to reach a global consensus based on algebraic graph, matrix theory, and Lyapunov control approach. A
numerical example is presented to demonstrate the correctness of the theoretical results.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Cooperative collective behaviors in networks of autonomous
agents have received considerable attentions in recent years. Con-
sensus has grown interests in understanding the intriguing animal
group behaviors, such as flocking and swarming, and has emerging
broad applications in sensor networks, unmanned air vehicles for-
mations and robotic teams. To coordinate with other agents in a
network, an agent needs to share the information with their adja-
cent peers and agrees on a certain value of interests. Numerous
contributions have been made in [1–7,16,17,23–27], and references
therein. Most researches are mainly concerned with continuous
feedback control strategies under the assumption of unlimited
computation and memory resources equipped for each agent
[4,16,17]. Nevertheless, an agent in many real networks has limited
resources and it is expected to update its control input as few as
possible. It is necessary to extend life span of agents by using dis-
continuous control scheme instead of continuous control ones.

In order to take advantages of high-speed computers, micro-
electronic and communication networks, it is preferable to use a
digital controller, particular in aerospace systems and industries
[14]. When the processors have limited resources, the event-

triggered control approaches are more favorable [8–13]. The
event-triggered control algorithms are updated at discrete time
instants, which can be implemented on digital platforms. The
transmission frequency and control update can be greatly reduced,
which can save bandwidth while guaranteeing similar control
performance as the continuous control ones. The event-triggered
control method is aperiodic, which needs communications among
agents when the predesigned individual event-triggered function
triggers. These factors motivate researchers to design event-
triggered control schemes for digital platforms. Wang and Lem-
non examined the event-triggered broadcasting of information in
the distributed networked systems and presented a decentralized
approach for determining event-triggered thresholds for nonlinear
subsystems [10,11]. Event-triggered control of multi-agent sys-
tems was studied by Dimarogonas et al. in [8], where the control
updating depends on the ratio of a certain measurement error
with respect to the norm of a function of the state. Fan et al.,
studied the distributed rendezvous problem with distributed
controller and designed the basic event-triggered algorithm [15].
Zhu et al., considered the event-based consensus problem of
general linear multi-agent systems, and an improved algorithm is
proposed for determining event time sequences, which can reduce
not only control updates, but also communication between
neighboring agents in [28]. Li et al., investigate the event-triggered
consensus in nonlinear networks, however, the Zeno-behavior
could not be overcome when the consensus is reached [29].
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Event-based broadcasting for multi-agent average consensus is
considered in [32]. Event-based leader-following consensus of
multi-agent systems with input time delay is studied by Zhu and
Jiang in [30]. The problem of event-triggered pinning control of
complex networks with switching topologies is investigated in
[31]. Zeno-free, distributed event-triggered communication and
control for multi-agent average consensus is studied in [33]. The
distributed event-triggered consensus for multi-agent systems
with directed topologies is studied in [34]. Wen et al. studied the
aperiodic sampled-data control for the sliding-mode control
scheme of fuzzy systems with communication induced delays via
the event-triggered method [39]. Lu et al. investigated the event-
triggered synchronization in complex dynamical networks [35],
self-triggered consensus in multi-agent systems with switching
topologies [36], pinning synchronization of coupled dynamical
systems with Markovian switching couplings [37] and con-
vergence of analytic neural networks with event-triggered
synaptic feedbacks [38]. The drawback of the existing works
with regard to the event-triggered control approach can be sum-
marized as: (i) the network topology is undirected [8,15,33,37] and
(or) (ii) the agents’ model is described as linear dynamics,
neglecting agents’ inherent nonlinear dynamics behaviors [8,10–
12,15,28,30,32–34] and (or) (iii) the Zeno behavior can be excluded
before the consensus is reached, while it could not be eliminated
after the consensus is reached [8,15,28,29]. This will result in the
performance degeneration of control systems and (or) (iv) Precise
consensus could not be guaranteed, i.e., all agents can only con-
verge to a neighborhood region of the consensus state [28].

Based on the above discussions, the main purpose of this paper
is to propose a novel framework for the consensus of multiagent
systems with nonlinear dynamics in a general directed network by
an event-triggered control scheme. The contributions of this paper
are: (i) The event-triggered control scheme is introduced to solve
the consensus problem of multiagent systems. The nonlinear
dynamics term is incorporated to describe the inherent dynamical
behaviors of agents and the network topology is directed. (ii) A
high-performance event which avoids continuous communication
between neighborhood agents is designed to analytically deter-
mine when the agent should sample its data. (iii) The precise
consensus can be achieved, and meanwhile the Zeno behavior can
be excluded during the whole running process of the control
systems. (iv) Some existing theoretical results can be seen as
special cases of this paper.

2. Preliminaries

2.1. Algebraic graph theory

The communications among nodes is modeled as a weighted
directed graph G¼ fV; E;Wg, where V ¼ f1;2;…;Ng is the set of
nodes, EDV � V is the set of edges, and W ¼ ðwijÞARN�N is the
weighted adjacency matrix of G with nonnegative adjacency ele-
ments wij and zero diagonal elements. If edge ðj; iÞAE, then node j
is called a neighbor of node i, which means that node i can receive
information from node j, and this edge is assigned a positive edge
weight wij. The neighborhood index set of node i is denoted by
N i ¼ jAV j ðj; iÞAE, while we indicate with Ni ¼ jN i j the number of
neighbors of node i. The Laplacian matrix L¼ ðlijÞARN�N of the
directed graph G associated with the adjacency matrix W is
defined as: lij ¼ �wijr0; ia j; lii ¼

PN
j ¼ 1;ja i wijZ0 [18].

2.2. Notations

Let Z, R, and C be the integer number set, the real number set, and
the complex number set, respectively. For λAC, Re ðλÞAR denotes its

real part. Im denotes the identity matrix of orderm and O denotes the
zero matrix with appropriate dimension. 1N denotes the vector with
all elements being 1. For a real symmetric matrix A, let λminðAÞ and
λmaxðAÞ denote respectively its minimum and maximum eigenvalue,
and write A40ðAo0Þ if A is a positive (negative) definite matrix. For
a vector ξ, ξ40 represents that all elements of ξ are positive. Denote
jMj the cardinality for the set M. Unless specifically mentioned, all
referenced norms J � J used in this paper are 1-norm for vectors or
matrices. J � J2 represents 2-norm (Euclid norm).

3. Problem formulations

Consider a general class of multiagent systems with N agents,
labeled by 1;2;…;N. Each agent being equipped with a small
embedded micro-processor and capability-limited onboard com-
munication and actuation modules has limited energy resources
and computing capability. The multiagent systems using a dis-
tributed event-triggered sampling strategy can be described by

_xiðtÞ ¼ f ðxiðtÞ; tÞþc
X
jAN i

wijΓðxjðtjk0 Þ�xiðtikÞÞ; ð1Þ

where tA ½tik; tikþ1Þ, tik and tj
k0

respectively denote the latest sam-
pling time instants of agent i and j before t. xiðtÞ ¼
ðxi1ðtÞ; xi2ðtÞ;…; xinðtÞÞTARn is the state variable of the ith agent.
f ðxiðtÞ; tÞ ¼ ðf 1ðxiðtÞ; tÞ; f 2ðxiðtÞ; tÞ;…; f nðxiðtÞ; tÞÞT : Rn � R↦Rn repre-
sents a continuous but not necessarily differentiable vector-valued
function, which models the inherently self-nonlinear dynamics of
the uncoupled ith agent. c40 is the coupling strength among
agents. The inner coupling matrix Γ ¼ diagfγ1; γ1;…; γngARn�n is a
positive definite diagonal matrix, where the diagonal element γj
40 means that the agents can communicate through their jth
component of their states.

Assumption 1 (Yu et al. [20]). The nonlinear function f ðxðtÞ; tÞ
satisfies f ð0; tÞ ¼ 0; 8 t, and there exist three positive constants θ, ε
and K such that for any vectors x; yARn; J f ðx; tÞJrK JxðtÞJ and

ðx�yÞTðf ðx; tÞ� f ðy; tÞÞ�θðx�yÞTΓðx�yÞr�εðx�yÞTðx�yÞ: ð2Þ

Lemma 1 (Yu et al. [19]). Suppose that the graph G is strongly

connected, that is the Laplacian matrix L is irreducible. Then, L1N ¼ 0

and there exists a vector ξ¼ ðξ1; ξ2;…; ξNÞT40 such that ξTL¼ 0. In

addition, there exists a matrix Ξ ¼ diagfξ1; ξ2;…; ξNg40 such that

L̂ ¼ ð1=2ÞðΞLþLTΞÞ is symmetric, and
PN

j ¼ 1 L̂ij ¼
PN

j ¼ 1 L̂ji ¼ 0; i¼
1;2;…;N.

Definition 1 (Yu et al. [19]). For a strongly connected network G
with Laplacian matrix L, the general algebraic connectivity is
defined to be the real number

aξðLÞ ¼ min
xTξ ¼ 0;xa0

xTL̂x
xTΞx

; ð3Þ

where L̂ ¼ ðΞLþLTΞÞ=2;Ξ ¼ diagðξ1; ξ2;…; ξNÞT; ξ¼ ðξ1; ξ2;…; ξNÞ
with ξi40 for all iAV and

PN
i ¼ 1 ξi ¼ 1.

Lemma 2 (Horn and Johoron [21]). For the matrices A, B, C, and D
with appropriate dimensions, we have the following:

1. ðϑAÞ � B¼ A � ðϑBÞ, where ϑ is a constant;
2. ðAþBÞ � C ¼ A � CþB � C;
3. ðA � BÞðC � DÞ ¼ AC � BD;
4. ðA � BÞT ¼ AT � BT.
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