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a b s t r a c t

Modeling and analysis of inverse kinematics and rigid-body dynamics for a three rotational degrees of
freedom (DOF) parallel manipulator are conducted in this research. In the inverse kinematics model, the
position, velocity, acceleration, jerk and singularity are considered. The rigid-body dynamic model is
developed based on the principle of virtual work and the concept of link Jacobian matrices. In this
research, the inverse dynamic analysis of the parallel manipulator is carried out in an exhaustive
decoupled way. The total actuating torques, the torques related to the acceleration, velocity, and gravity,
the torques related to the moving platform, strut, slider, lead screw, and motor rotor-coupler, and the
torques related to external forces are calculated. The total actuating powers, the powers related to the
acceleration component of torque, velocity component of torque, gravity component of torque, and the
powers related to the moving platform, strut, slider, lead screw, and motor rotor-coupler are also
achieved. For the pre-defined trajectory, the required output work for the i-th driving motor is obtained
through numerical integration technique. Simulation is conducted to obtain the positions, velocities,
accelerations, jerks, torques, powers, and energy consumptions.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The rotary tables are widely used in manufacturing tools such
as the CNC machining centers [1–5]. The existing rotary tables are
usually built using serial manipulators. In order to enhance the
load capability, parallel manipulators with rotational degrees of
freedom have been used in the development of the rotary tables
[6–9]. Compared with the general 6-DOF parallel manipulators,
low mobility parallel manipulators with less degrees of freedom
have simpler mechanical structures and fewer actuators, thus
being able to be built with low manufacturing costs and simple
control mechanisms. Compared with the serial structure manip-
ulators, low mobility parallel manipulators can provide improved
rigidity, reconfigurability, and static balance. Because of these
reasons, research on low mobility parallel manipulators has
attracted much interest from academic and industrial commu-
nities [10]. Due to the high working load requirement, the
inverse kinematics and rigid-body dynamics should be considered
in the design of rotary tables using the low mobility parallel
manipulators.

The inverse kinematics can be used for optimal design of a
mechanism. The rigid-body dynamic characteristic should be
investigated when the parallel manipulator is used with high
acceleration situation, high speed operation and/or high load
application [11]. Many research works have been conducted on
the rigid-body dynamics of the parallel manipulators [11–21].
Several approaches such as the Newton–Euler method [12], the
Lagrangian method [13], the Kane's method [14], and the virtual
work principle [15–24] have been selected to model and analysis
of the dynamics of the parallel manipulators. The total actuating
torques and powers can be decomposed into different components
related to the acceleration, velocity, gravity, and external force.
They can also be decoupled into the components related to the
moving platform, strut, slider, lead screw, motor rotor-coupler, and
external force [16]. The rigid-body dynamic model has been used
for the performance evaluation [15,25], dynamic optimum design
[11,26–27], computed-torque control [28], and servomotor selec-
tion [29]. The existing methods for inverse kinematics and rigid-
body dynamics of the parallel manipulators seldom considers the
jerk [30–31], power [15,25,29,32], and energy consumption
[17,32]. In fact, the impacts of jerk [31] and energy efficiency
[11,17,33] should also be considered in the design of the parallel
manipulators.

The objective of the research presented in this paper aims
at developing the analysis models for inverse kinematics and
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rigid-body dynamics of a three rotational degrees of freedom
parallel manipulator considering the position, velocity, accelera-
tion, jerk, singularity, torque, power, and energy consumption. The
paper is organized as follows. The three rotational degrees of
freedom parallel manipulator is explained in Section 2. The inverse
kinematics considering the position, velocity, acceleration, jerk
and singularity are provided in Section 3. Inverse rigid-body
dynamics considering the power and energy consumption is
investigated in Section 4. Simulations and conclusions are given
in Sections 5 and 6.

2. A three rotational degrees of freedom parallel manipulator

The parallel manipulator is shown in Figs. 1 and 2. This parallel
manipulator is composed of a moving platform connected with
the base platform through four kinematic chains. The central
kinematic chain is fixed on the base platform at one end and
connected to the moving platform using a revolute joint and a
universal joint at the other end. The three outer kinematic chains
connect the moving platform and the three sliders using spherical
joints and struts with fixed-length. Each slider is driven by a DC
motor via a lead screw. Due to the proper constraints of the central
kinematic chain, the manipulator has three rotational degrees of
freedom.

As shown in Figs. 2 and 3, the following coordinate systems are
defined for the modeling of the rigid-body dynamics: the refer-
ence coordinate system O�xyz is attached to the center of the
base platform, and the moving coordinate system O0 �uvw is
located at the center of mass of the moving platform. The
orientation of the moving platform can be described by a rotation
matrix ORΟ0 . Let the rotation matrix be defined by the parameters
of roll, pitch, and yaw angle, namely, a rotation of ϕx about the
fixed x-axis, followed by a rotation ϕy about the fixed y-axis, and a
rotation ϕz about the fixed z-axis. Thus, the rotation matrix can be
obtained by
oRo0 ¼ Rotðz;ϕzÞRotðy;ϕyÞRotðx;ϕxÞ ð1Þ

The angular velocity of the moving platform is given by [24]

ω¼ ½ _ϕx
_ϕy

_ϕz �T ð2Þ

The orientation of each kinematic strut with respect to the
fixed base can be described by two Euler angles. As shown in
Fig. 4, the local coordinate system of the i-th strut can be thought
of as a rotation of ϕi about the z-axis resulting in a Ci�x0iy

0
iz

0
i

system followed by another rotation of φi about the rotated
y0i-axis. So the rotation matrix of the i-th strut can be written as

oRi ¼ Rotðz;ϕiÞRotðy0i;φiÞ ¼
cϕicφi �sϕi cϕisφi

sϕicφi cϕi sϕisφi

�sφi 0 cφi

2
64

3
75 ð3Þ

The unit vector along the lead screw in the coordinate system-
O�xyzis

wi ¼ oRi
iwi ¼ oRi

0
0
1

2
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3
75¼

cϕisφi

sϕisφi

cφi
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3
75 ð4Þ

So the Euler angles ϕi and φi can be computed as follows:

cφi ¼wiz

sφi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

ixþw2
iy

q
; ð0rφioπÞ

sϕi ¼wiy=sφi

cϕi ¼wix=sφi

ifφi ¼ 0; then ϕi ¼ 0

8>>>>>>><
>>>>>>>:

ð5Þ

3. Inverse kinematics

3.1. Position analysis

As shown in Fig. 3, the position equation associated with the i-
th kinematic chain can be written as

hþrai ¼ liwiþrbiþdiþqiei ð6Þ
where h, qi, ei, li, wi, rai, rbi, and di denote the position vector OO0,
the joint variable, the unit vector along the lead screw BiDi, the
length of the strut CiAi, the unit vector along the strut CiAi, the
vector O0Ai, the vector OBi, and the vector from the center of the
point of the joint Ci to the lead screw, respectively.

3.2. Velocity analysis

Taking the derivative of Eq. (6) with respect to time, we can
obtain:

ω� rai ¼ _qieiþωi � liwi ð7Þ
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Fig. 1. The three rotational degrees of freedom parallel manipulator.

Fig. 2. Schematic diagram of the parallel manipulator.
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