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for a set, V, of n points independently and uniformly distributed in the unit d-cube, for
constant dimension d: (1) there exists a connected graph with vertex set V that has
interference O ((logn)!'/3); (2) no connected graph with vertex set V has interference

Keywords: o((logn)!/4); and (3) the minimum spanning tree of V has interference ®((logn)!/2).
Wireless network © 2017 Elsevier B.V. All rights reserved.
Interference

Unit disk graph

1. Introduction

Von Rickenbach et al. [11,12] introduce the notion of (maximum receiver-centric) interference in wireless networks and
argue that topology-control algorithms for wireless networks should explicitly take this parameter into account. Indeed, they
show that the minimum spanning tree, which seems a natural choice to reduce interference, can be very bad; there exists
a set of node locations in which the minimum spanning tree of the nodes produces a network with maximum interference
that is linear in the number, n, of nodes, but a more carefully chosen network has constant maximum interference, inde-
pendent of n. These results are, however, worst-case; the set of node locations that achieve this are very carefully chosen. In
particular, the ratio of the distance between the furthest and closest pair of nodes is exponential in the number of nodes.

The current paper continues the study of maximum interference, but in a model that is closer to a typical case. In
particular, we consider what happens when the nodes are distributed uniformly, and independently, in the unit square. This
distribution assumption can be used to approximately model the unorganized nature of ad-hoc networks and is commonly
used in simulations of such networks [13]. Additionally, some types of sensor networks, especially with military applications,
are specifically designed to be deployed by randomly placing (scattering) them in the deployment area. This distribution
assumption models these applications very well.

Our results show that the maximum interference, in this case, is very far from the worst-case. In particular, for points
independently and uniformly distributed in the unit square, the maximum interference of the minimum spanning tree grows
only like the square root of the logarithm of the number of nodes. That is, the maximum interference is not even logarithmic
in the number of nodes. Furthermore, a more carefully chosen network topology can reduce the maximum interference
further still, to the cubed root of the logarithm of n.
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Fig. 1. A geometric graph G with I(G) =5.
1.1. The model

Let V = {x1,..., %} be a set of n points in R? and let G = (V, E) be a simple undirected graph with vertex set V. The
graph G defines a set, B(G), of closed balls By, ..., By, where B; has center x; and radius
ri = max{||x;x;|l : x;xj € E} .

(Here, and throughout, ||xy| denotes the Euclidean distance between points x and y.) In words, B; is just large enough to
enclose all of x;’s neighbors in G. The (maximum receiver-centric) interference at a point, x, is the number of these balls that
contain x, i.e.,

[(x,G)=|{BeB(G):xeB}| .
The (maximum receiver-centric) interference of G is the maximum interference at any vertex of G, i.e.,
I(G) =max{l(x,G):xe V} .

Fig. 1 shows an example of a geometric graph G and the balls B(G). Each node, , is labeled with I(x, G).
One of the goals of network design is to build, given V, a connected graph G = (V, E) such that I(G) is minimized. Thus,
it is natural to consider interference as a property of the given point set, V, defined as

I(V) =min{I(G) : G = (V, E) is connected} .

A minimum spanning tree of V is a connected graph, MST(V), of minimum total edge length. Minimum spanning trees are
a natural choice for low-interference graphs. The purpose of the current paper is to prove the following results (here, and
throughout, the phrase with high probability means with probability that approaches 1 as n — oc0):

Theorem 1. Let V be a set of n points independently and uniformly distributed in [0, 11%. With high probability,

1. I(MST(V)) € 0((logn)'/?);
2. I(V) € O((logn)'/3), for d € {1, 2}; and
3. I(V) € O((logn)!/3(loglogn)'/?), for d > 3.

Theorem 2. Let V be a set of n points independently and uniformly distributed in [0, 1]%. With high probability,

1. I(MST(V)) € Q((logn)1/2);
2. 1(V) € Q((logn)1/4).

1.2. Related work

This section surveys previous work on the problem of bounding the interference of worst-case and random point sets.
A summary of the results described in this section is given in Table 1. In the statements of all results in this section, |V |=n.

The definition of interference used in this paper was introduced by von Rickenbach et al. [11] who proved upper and
lower bounds on the interference of one dimensional point sets:

Theorem 4 (von Rickenbach et al. 2005). For any d > 1, there exists V. C RY such that (V) € Q(n'/?).

The point set, V, in this lower-bound consists of any sequence of points xi,...,X,, all on a line, such that ||x;11x;| <
(1/2)||xixi—1]|, for all i € {2,...,n — 1}. That is, the gaps between consecutive points decrease exponentially. This type of
configuration is called an exponential chain and is also used in our lower bound construction. This lower bound is matched
by an upper-bound:
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