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a b s t r a c t

In socioeconomics or in Biological studies, observations on individuals are often observed
longitudinally on a Likert-type scale with substantially large proportion of zeros. This leads
to a special case of mixture structured data where extra-variation occurs. Obviously the
standard ordinal data analysis fails to provide appropriate statistical inference.We propose
a suitable zero inflated semiparametric ordinal model that takes into account the non
linear link between the ordinal response and a covariate. A sieve maximum likelihood
estimator(MLE) is proposed for the regression parameter of interest. We also propose a
test for the zero proportion in this semiparametric model. A simulation study has been
carried out to investigate the performance of the estimator as well as the test. We illustrate
the methodology using data from a survey on Tuberculosis patients in and around Kolkata,
India.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Ordinal data are frequently encountered in awide variety of disciplines ranging fromeconomics to environmental studies.
For example, insurance claim for a certain type of risk,transportation safety,severity of diseases , degree of pain, satisfaction
with healthcare services are inherently ordinal in nature (Williamson et al., 1995; Gallefoss and Bakke, 2000). However often
such data exhibit a high percentage of zeros (zero inflation) at the lower end of the ordinal scales, as compared to what is
expected under an ordinal distribution. In drug abuse and treatment studies, there are considerable number of people who
never use a particular drug (marijuana or cocaine for example) at all (none user), whereas others might not have used either
drug at the time of survey (zero-consumption), but when the situation is conducive they may use the drug. The primary
purpose of a zero inflated model is, therefore, to account for clumped zeros by incorporating sources of zero inflation: non-
participation (structural zeros) or zero consumption (sampling zeros) (Mohri and Roark, 2005).

Zero inflation coupled with some multivariate structure makes it difficult to analyze the data and properly interpret the
results. Methods that have been developed to address the zero-inflated data are limited to univariate-logit or univariate-
probit model, Multinomial logit (McCullagh, 1980; Peterson and Harrell, 1990) or the ordered probit model (McKelvey and
Zavoina, 1975; Greene and Hensher, 2010) are not appropriate for analyzing such clumped ordinal data. These conventional
methods have limited capacity to explaining presence of zeros (Harris and Zhao, 2007). In contrast to the zero-inflated count
datamodels where sufficient literature is available (see Lambert (1992), Gurmu and Trivedi (1996), andMullahy (1997), Hall
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(2000), Dagne (2004)), little attention has been paid to the problem of excess zeros in the ordered discrete choice models.
To the best of our knowledge, the exception is the recent important paper by Harris and Zhao (2007), Gurmu and Dagne
(2009) and Bagozzi et al. (2015). They develop a zero-inflated ordered probit model using the binary probit specification for
the zero-inflation part of the model.

When such ordinal data of interest are of longitudinal by nature, it is natural to introduce a nonlinear function of time
in the longitudinal model. The current investigation is motivated by a data on tuberculosis based on the survey conducted
in hospitals in and around Kolkata, India. The ordinal outcomes are the bacterial load recorded longitudinally. Along with
those observations, several concomitant characters like age, polymorphism, bodymass index (BMI) etc. are recorded on each
subject. As the age effects vary differentially in different age groups, it is reasonable to explore the possibility of nonlinear
effect of age on outcomes through semiparametric regression analysis. Much research has been done on the estimation
of the parametric component in a general framework, aiming to obtain asymptotically efficient estimators. Advances
in statistical research on nonparametric function estimation, generalized linear models (GLMs) (McCullagh and Nelder,
1989), and generalized estimating equations (GEEs) (Liang and Zeger, 1986) have provided the impetus for developing
semiparametric generalized partial ordinal models (GPOM, Das and Sarkar (2014)). Here ‘‘semiparametric’’ refers to the
inclusion of a nonparametric covariate effect in an otherwise ordinal model.

In the present investigation our primary focus is to test whether the degenerate distribution at zero is necessary. If it is
not, then no zero inflation needs to be modeled and the model simplifies merely to straightforward ordinal data analysis.
Note that the presence of excess zero ensures extra variation in the data and simple ignorance may lead to bad estimation
of parameters in the model. In this article we construct a semiparametric regression model in the presence of ordinal data
with excess zero, and propose estimation of the parameters. We also develop a score test for determining the presence of
zero inflation. We compare the behavior of the proposed test with likelihood ratio test through simulation study and apply
our proposed approach to analyze a real data.

The organization of this paper is as follows. In Section 2, we discuss the zero inflated ordinal data model, and propose
the semiparametric ordinal regression model. In the following subsections we discuss the parameter estimation for the
proposed model. We then propose a score test for confirming the presence of excess zero in the data. In Section 3, we carry
out a simulation study to investigate the suitability of the proposed model. In Section 4, we apply the proposed procedure
to a tuberculosis data. Section 5 concludes with a brief discussion.

2. Methods

2.1. Model

Let yi be an ordinal observation for ith subject, where i = 1, 2, . . . , n having levels 0, 1, 2, . . . , J from a multinomial
distribution : yi ∼ Multinomial(1, πi,0, πi,1, . . . , πi,J ) where πi,j = P(yi = j) is the probability that ith individual falls in
jth category so that πi,0 + πi,1 + · · · + πi,J = 1. Define the cumulative probability that ith individual falls in or below uth
category as Pi,u = P(yi ≤ u) =

∑u
k=0πi,k where u ∈ {0, 1, . . . , J}. Here the zeros are assumed to appear from twoways. They

either appear with a point mass ψ or they come from a multinomial distribution with probability (1 − ψ). Sometimes the
zeros with point mass are identified as structural zeros and those coming from the multinomial distribution are termed as
sampling zeros. So, the entire data is assumed to come from a mixture distribution given by

P(yi = y) =

{
ψ + (1 − ψ)π0,i, if y = 0
(1 − ψ)(Pi,j − Pi,j−1), if y = j ∈ {1, 2, . . . , J} and 0 ≤ ψ ≤ 1 , (2.1)

For regression, let xi denote the p-dimensional covariate vector for the ith subject. The parameter vector (Pi,0, Pi,1, . . . , Pi,J )
will be mapped with the predictors using a canonical link. Let γ = (γ0, γ1, . . . , γJ−1) be the vector of intercepts and
β = (β1, . . . , βp) be the vector of regression coefficients. As a possible extension of the zero inflated ordinal model we
consider a semiparametric link function. Then the model equation with partial linear link function along with an observable
continuous predictor T may be defined as

log
Pi,j

1 − Pi,j
= γj − x′

iβ + g(ti) (2.2)

with j ∈ {0, 1, 2, . . . , (J−1)}. Here g(.) is an unspecified smooth function for the effect of t . Onemay interpret γj as a constant
representing the baseline value of the logit of cumulative probability for jth category and β is the effect of the covariates on
them. θ = (γ,β, g, ψ) is the entire set of unknown parameters to be estimated. Let Z = (y, X ′, T ) be the data vector and
θ0 = (γ ′

0,β
′

0, g0, ψ0)′ as the true value of θ. In order to ensure the existence of the MLE we consider the following basic
assumptions:

A.1: γ ∈ A1, β ∈ A2 where A1 and A2 are compact sets in RJ and Rp. Further ψ ∈ [0, 1], T ∈ [0, 1] and X is such that
P(∥X∥ ≤ M) = 1 for some constantM .

A.2: S = {g ∈ Cr
[0, 1]; −∞ < m0 ≤ g(t) ≤ M0 < ∞} ∀t ∈ [0, 1] and r = 1,2.
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