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autoregressive conditional duration models are the primary family used for analyzing
high-frequency financial data. We propose a methodology based on SBS autoregressive
MSC: conditional duration models, _Which includes in-sample inference, goodness-of-fit and
prirr;ary62P2O out-of-sample forecast techniques. We carry out a Monte Carlo study to evaluate
secondary 62F99 its performance and assess its practical usefulness with real-world data of financial
60E05 transactions from the New York stock exchange.
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1. Introduction

High-frequency data have gained increasing attention with the advances in computer technology and data recording
and storage; see Engle (2000). The availability of high-frequency financial transaction (trade duration—TD) data has given
an impulse to the research in business, economics and finance. The family of autoregressive conditional duration (ACD)
models proposed by Engle and Russell (1998) has been the primary tool used for analyzing TD data, which are irregularly
time-spaced and convey meaningful information. The importance of this type of data, and of their modeling, is stressed by
the market microstructure literature; see, e.g., Pacurar (2008) and references therein.

Although TD data (i) have usually a unimodal hazard rate (HR) and (ii) follow an asymmetric distribution with heavy tails
(see Grammig and Maurer, 2000; Bhatti, 2010), generalizations of the original ACD model are based on assumptions that do
not necessarily comply with the characteristics (i) and (ii). Generalizations of the ACD model should be based on assumptions
that take into account (A1) the shape of the HR of TD data; (A2) the symmetry or asymmetry of their distribution; and
(A3) the conditional dynamics established in terms of their mean or median, depending on their symmetry or asymmetry;
see Bauwens and Giot (2000), De Luca and Zuccolotto (2006), Fernandes and Grammig (2006) and Allen et al. (2008).
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Birnbaum and Saunders (1969) introduced a distribution to model fatigue life data, assuming that the failure follows from
the development and growth of a dominant fissure produced by stress. The Birnbaum-Saunders (BS) distribution has been
widely studied because of its good properties and its relation with the normal distribution; see, e.g., Cysneiros et al. (2008),
Balakrishnan et al. (2009a), Balakrishnan et al. (2011), Kotz et al. (2010), Vilca et al. (2010), Vilca et al. (2011), Villegas et al.
(2011), Ferreira et al. (2012), Leiva et al. (2012), Li and Xie (2012), Vanegas et al. (2012), Fierro et al. (2013), Lemonte (2013)
and Barros et al. (in press). In addition, although it has its genesis from engineering, its applications have been considered
in other fields, including business, economics, finance and quality control; see Jin and Kawczak (2003), Balakrishnan et al.
(2007), Ahmed et al. (2010), Bhatti (2010), Leiva et al. (2011b), Leiva et al. (2014a), Leiva et al. (2014b), Leiva et al. (2014c),
Paula et al. (2012) and Marchant et al. (2013). The BS distribution is asymmetrical, has positive skewness and a unimodal
HR, and has been successfully applied to model lifetime data; see e.g. Leiva et al. (2007) and Leiva et al. (2008a). Thus, it can
be a good model for describing TD data. Bhatti (2010) proposed an extension of the ACD model based on the BS distribution
(BS-ACD model), which provides (B1) a realistic distributional assumption (in terms of the shape of its probability density
function - PDF - and of its HR); (B2) an easy parameter estimation (because it is simple, converges fast and has initial values
for the numerical procedure that can be straightforwardly obtained); and (B3) a natural parameterization in terms of a
conditional median duration, which is expected to improve the model fit, instead of using the conditional mean duration;
see (A3). This is because the median is often considered as a better measure of central tendency than the mean, when the
data follow asymmetric and heavy-tailed distributions, such as is the case of TD data.

Recently, based on the relationship between the BS and normal distributions, Balakrishnan et al. (2009b) introduced the
scale-mixture BS (SBS) distributions; see also Diaz-Garcia and Leiva (2005) and, for a recent TD data analysis using kernel
estimation based on SBS models with independent data, see Marchant et al. (2013). The class of SBS distributions (C1) inherits
the good properties of the BS distribution discussed in (B1)-(B3); and (C2) permits the maximum likelihood (ML) estimates
of the model parameters to be computed in an efficient way, using the expectation-maximization (EM) algorithm, and the
corresponding estimation procedure to be robust for some of its members.

The main objective of this work is to propose a methodology based on ACD models generated from SBS distributions
(SBS-ACD models). This methodology includes in-sample techniques considering estimation of the model parameters via
the EM algorithm, inference about these parameters and model checking based on residual analysis, and out-of-sample
forecast techniques. We evaluate our methodology with Monte Carlo (MC) methods and apply it to TD data, which have
unique features absent in data with low frequencies. For example, as mentioned, TD data (D1) are collected in irregular time
intervals; (D2) possess a large number of observations; (D3) their trading activities exhibit some diurnal patterns, so that
activity is higher in the beginning and closing than in the middle of the trading day; and (D4) present a unimodal HR; see
Engle and Russell (1998) and Bhatti (2010).

The remaining of this paper unfolds as follows. In Section 2, we present SBS distributions. In Sections 3 through 6, we
propose the methodology based on SBS-ACD models, which includes their formulation, estimation and inference of their
parameters, robustness and in-sample model checking analyses, and out-of-sample forecast techniques. In Section 7, we
conduct an MC study to evaluate the performance of this methodology. In Section 8, we apply it to six real-world data sets
of NYSE securities. Finally, in Section 9, we discuss some conclusions and future studies.

2. Scale-mixture Birnbaum-Saunders distributions

As mentioned, BS distributions have been considered for analysis of TD data with independent and dependent structures;
see Jin and Kawczak (2003) and Bhatti (2010), respectively. A random variable (RV) X follows a BS distribution if it can be
represented by

X = o[kZ/2 +{(c2/2)* + 1}'/*], (1)

where Z ~ N(0, 1) and « > 0, 0 > 0 are shape and scale parameters, respectively. In this case, the notation X ~ BS(x, o)
is used and the corresponding PDF is given by
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Note that, as the shape parameter « goes to zero, the BS distribution tends to be symmetrical, degenerating at o, when
k = 0 (see Kundu et al., 2008), whereas the scale parameter o is also the median of the distribution. The BS model holds
proportionality and reciprocal properties given by bX ~ BS(«x, bo), with b > 0, and 1/X ~ BS(k, 1/0), respectively.

Scale mixture of normal (SMN) distributions have been considered for analysis of financial time series; see Tsay (2002,
pp. 12-13). An RV Y follows an SMN distribution (which is symmetrical) if it can be represented by Y = u + {g(U)}'/?V,
where V ~ N(0, #?), u € R, 92 > 0, U is a positive RV independent of V, with cumulative distribution function (CDF)
H(-), and g(-) is a positive function associated with H(-). This is denoted by Y ~ SMN(u, 92, H) and its PDF is

, x>0.

dsun (s u, 0, H) =/ ;g *)dH (), y €R, (2)
0
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